Proving Infinitely Many Theorems

sProvethat 17+ 2°+ 3>+ p+n*=n(n+ 1)(2n+
1)/6, for all positive integers n

mLeta, a, a,..be asequence satisfyingthe
recurrence a, = 5a, ,— 6a,,. Show that a,=3"-—
2’7

= Show that for all positive integers n, the 2" x2"
checkerboard with any square deleted can be tiled
with the “L”-tromino, shown to theright [ |

m Everyset with n elements has 2"subsets |

= Apost office has only 4- and 7-cent stamps.
What exact amounts of postage can that post
office make?

Sum of Squares

17+ 2243+ p+ n*=n(n+1)(2n+1)/6, for all
positive integers n
<Doyousee how this is infinitely many theorems?
<Itsays:
L =1(1+ 1)1 +1Y6
— P+ 2 =202+ )22+ 16
S 12422432 =33+ D@23+ 1)6

<How can we prove all of thosetheorems

mSuppose 12+ 2>+ p+ 80>=80(81)161)/6 & given.

How could you find the value of:
1°+2%+ p+80%+ 817
without having to do all that adding?

Sumof Squares

= [fwe take as given that:
<17+27+p+807=80(81)(161)/6

m Then the task of computing
<1’+22+p+80%*+81°

®m [s rather simp le and straightforward.
<1P+22+p+802+81%=
<(1*+2*+p+80H+81% =
<80(81)(161)/6+ 81% =
< 180,441

= We can use this same idea to prove our infinitely
many theorems!

Sum of Squares

= Letus select a particular value of £

m[fwe take as given that the k" theorem is true:
< 12422+ p+ KE=k(k+1)2k+1)/6

mThe it & possible to show that the (kK + 1)*

theorem is also true:
<S1PP+22+p+ K2+ (k+ 1)2=|(k+ 1) (k +2)(2k +3)/6,

This is whaty ou get

Thething to remember is
thatwe are going to use wheny ou plug k-+1
infor n in the

thisto prove that express on:
n(n+1)2n+1)/6




Sumof Squares

<Show 12+ 22+ 32+ p + 2+ (k+ 1)°=
(k+1)(k+2)(2k+3)/6
<PP+22432+p+ 2+ (k+ 1)Y=
S(PP+22+324p+ i)+ (k+ 1)?=
<k(k+1D)(Z+ D/6+(k+ 1) =
— (Crackan egg to make an omelette)
<P+ 3K+ k) /6+ (K +2k+ 1) =
<K+ 3K+ k)/6+ (6K + 12k + 6)/6 =
<(2k3 +9/2+ 13k + 6)/6 =
<(k+1)(k+2)(2k+3)/6
— (Weseethat they are the same either by factoring the
expressiontwo lines up, or by multiplying out the last
expressiontosee ifit is really the same)
<Notice how most of the work is done by our
assumption

Sum of Squares

=So,what about proving infinitely many theorems?
< Wehave an alleged theorem for each value of ninthe
set {1,2,3,4,5, ...}
< We have shown that if it is true for any p articular value
inthat set, then it is also true for the next number in
that set
<Forexample, if it’s true for 7, then we know it’s true
for 8
< But then what else do we know?
o Ve Y Y. Y
1 2 3 4 5 6 7 8 9 10 11
= How, then, wouldwe prove it for all positive
integers n?
< Show t is true for n=1

The Whole Proof

Theorem: 12+ 2%+ 3>+ p+ n’= n(n+ 1)(2n+ 1)/6, for all positive
integers n

Proof: (By induction)

Indu ction Hypothesis:

Supposethetheorem is true for some particular value &:

Thatis, assume: (12+ 22+ 32+ p+ K)= k(k+ D)(2k+ 1)/6

The Whole Proof

=Prove the theorem is true for the next value k£ +1:
® Thatis, show: 12+22+3% + p+ k2 + (k + 1)% = (k+1)(k+2)(2k+3)/6
= We’llshow this by considering the left-hand side:
212422432 4 pt P (k+1)P=
(124224324 p+ KD +(k+1)2 =
wh(k+ 1) (2k+1)6  + (k+1)* =
<We substituted using the induction hy pothesis at this step>

I(Zk3 3K+ k) /6 +(kz +2k+1)= <Multiply everything out>
w(2K° +3k* + k) /6 + (6k* + 12k +6)/6 = <Comm on denom inator>
w213 + 9k + 13k +6)/6 = <Add fractions>
(k1) (k+2)(2k+3)/6
= Whichis what we wanted to prove.

< Base Case:

< Forthe base case, we simply verify that the theorem is true when n=1: Then 1°=1(2)(3)/6 is
true. OK.




Recursive Sequence

mLetay, a, a, ... be asequence satsfying the
recurrence a, = 5a, , — 6a, ,,with a,=0and a,= 1.
Show that a, = 3" — 2"for all n $0.
< A gain, think of this as infinttely many theorems
< Supposethe theorem is true for some particular value £
— This is called the induction hypothesis
— as we will discuss on the next slide, it is not enough to assume
thetheorem is true for k. We will need to assume more. That is,
we will need to strengthen our induction hypothesis
< Show that it is true for £ + 1
— This is called the induction step
< Thenprove it is true for the first theorem, when k£ = 7??

-0

Recursive Sequence

sTherecurrence is a,= 5a, , — 6a,,.
=Show that a, = 3"—2"for all n $0.
< Supposeit is true for k. That is: a, =3*—2*
< Show i is true for &+ 1: That is, show a,,, = 3% - 2!
< We use the recurrence:
G =5a-6a, =
- 5(3%F—2%)— 6(..what..?2?...)
<It is not enoughto assume only the kththeorem!

< Weneed to assume more.
<The standard trick is to assume that the theorem is true

not only for k, but for allvalues up to and including k.
<(This is called the strong induction hyp othesis)

Recursive Sequence

sTherecurrence s a,= 5a, ,— 64a,,.

mShow that a, = 3"~ 2"for all n $0.
< Supposeit is true for all values from 0 up to k. That is:
a;=3"-2"for all 0# i #k
< Show it is true for k£ + 1: That is, show a,, = 3% - 2%
< Weuse the recurrence: a,,, = 5a,— 6a,_,
< This gives:
@ =53 =29 - 63" -2
= (5x3"—6x3" ) —(5x2" - 6x2" )
= (5x35—2x3x3% 1) - (5x2F - 3x2x2" 1)
= (5x3%—2x3%) — (5x2* - 3x2%)
— 3><3k_ 2><2k — 3k+1 _ 2k+1
Which s what we wanted to prove

Recursive Sequence

= We have establshed that if the theorem i true for
allvalues up to some particular value £, then it is
true for the next value, k£ + 1.

= We now need to prove some base cases as a
starting point for all our implic ations

m Let’sstart with n=0 and n=1:

<Weneedtoprovethat a0=30—20and a1:31—21'
Bothof these are easily verfied, as a,=0 and a,=1.




Tiling Squares with L-trominos

m<Pleasesee book for a discussion of this proof by
induction>




