
PProve that 1 2 + 22 + 32 + þ + n2 = n(n + 1)(2 n +
1)/6, for all pos itive integers n

P Let a0, a1, a2, ... be a sequenc e sat isfying the
rec urrenc e an = 5an–1 – 6 an–2.  Show that an = 3n –
2n

PShow that for all pos itive integers n, the 2 n ×2n

checkerboard w ith any square deleted c an be tiled
w ith the “L”-tromino, show n to th e r ight

P Every set w ith n elements has 2 n subs ets
P A pos t off ic e has only 4- and 7-c ent stamps. 

What exact amounts of postage c an that post
off ic e make?

Proving Infinitely Many Theorems

P12 + 22 + 32 + þ + n2 = n(n + 1)(2 n + 1)/6, for all
pos itive integers n
<Do y ou see how t his is  infinitely many  t heorems?
< It says:

– 12                 = 1(1 + 1)(2·1 + 1)/ 6
– 12 + 22           = 2(2 + 1)(2·2 + 1)/ 6
– 12 + 22 + 32  = 3(3 + 1)(2·3 + 1)/ 6
– ...

<How can we prove all of those t heorems

PSuppos e 1 2 + 22 + þ + 80 2 = 80(81)(161)/6 is given. 
How cou ld you f ind the va lue of:

     1 2 + 2 2 + þ + 80 2 + 812

  w ithout hav ing to do all that adding?

Sum of Squares

P If w e take as given that :
<  12 + 22 + þ + 802 = 80(81)(161)/6 

PThen the task of computing 
< 12 + 22 + þ + 802 + 812

P Is rather simp le and straightforwar d.
< 12 + 22 + þ + 802 + 812 =
< (12 + 22 + þ + 802) + 812  =
< 80(81)(161)/6 + 812  =
< 180,441

P We c an us e this same idea to prove our infinitely
many theorems!

Sum of Squares

PLet us select a partic ular value of k
PIf w e take as given that the k th theorem is true:
<  12 + 22 + þ +  k2 =  k(k + 1)(2k + 1)/6

PThe it is poss ible to show that the (k + 1) st

theorem is also true:
< 12 + 22 + þ +  k2 + (k + 1)2 = (k + 1)(k + 2)(2k + 3)/6

Sum of Squares

Th is is what y ou get
when y ou p lug k +1
in f or  n in the
express ion:
n(n + 1)(2 n + 1)/6

The thing to remember is
that w e are going to use
this to prove that



< Show 12 + 22 + 32 + þ + k2 + (k + 1)2 =
(k+1)(k+2)(2k+3)/6

< 12 + 22 + 32 + þ + k2 + (k + 1)2 = 
< (12 + 22 + 32 + þ + k2) + (k + 1)2 =
< k(k + 1)( 2k  + 1)/6 + (k + 1)2 =

– (C rack an egg to make an omelette)
< (2k3 + 3k2 + k)/6 + (k2 + 2k + 1) =
< (2k3 + 3k2 + k)/6 + (6k2 + 12k + 6)/6 =
< (2k3 + 9k2 + 13k + 6)/6 = 
< (k+1)(k+2)(2k+3)/6

– (W e see t hat they are the sam e ei ther by fact oring the
expres sion two lin es up, or by multiply ing out the l ast
expres sion to see if it is really the same)

<Notice how most of the work is done by  our
assumpt ion

Sum of Squares
PSo, what about proving infinitely many theorems?
< We have an alleged theorem for each value of n in t he

set  {1, 2, 3, 4, 5, ...}
< We have shown that if it is true for any p articular value

in t hat  set, t hen it is also true for t he ne xt  number in
that set

< For exa mp le, if it’s t rue for 7, t hen we know it’s true
for 8

< But then what els e do we know?

Sum of Squares

1 2 3 4 5 6 7 8 9 10 11

P How, then, w ould w e prove it for all pos itive
integers n?
< Show it  is  true for n = 1

Th eore m:  1 2 + 2 2 + 3 2 + þ + n2 = n (n + 1)(2 n + 1)/ 6, for all posi tive
integers n
Proof :  (By indu ction)
Indu ction Hypothesis:
S uppose t he theorem is true for some particular val ue k:  
T hat is, assume:  (1 2 + 2 2 + 3 2 + þ + k2 ) = k(k + 1)( 2k + 1)/ 6

The Whole Proof
P I nduc tion Ste p:
PPr ove the the ore m is tr ue f or the ne xt  value k + 1 :

P Tha t is,  show :  1 2 + 22 + 32 + þ +  k2 + (k + 1 )2 = (k+1)( k+2)( 2k+3) /6

P We ’ll  show  this by c ons ider ing  the  lef t- ha nd  s ide:

P 12 + 22 + 32 + þ +  k2 + ( k + 1 )2 =
P (1 2 + 22 + 32 + þ +  k2)  + ( k + 1 )2 =

P  k(k +  1)( 2k  + 1 )/6      +  ( k + 1 )2  =   
                             < We subst i tu te d us ing the induc tion hy po thesis a t th is step>

P (2k3 + 3k2 + k) /6  + ( k2 + 2k + 1 ) =          < Multip ly  eve ry th ing out>

P (2k3 + 3k2 + k) /6  + ( 6k2 + 1 2k + 6 )/6 =  < Comm on  de nom inator>
P (2k3 + 9k2 + 1 3k + 6 )/6 =                       < A dd frac t ions>

P (k+1)( k+2)( 2k+3) /6

P Wh ic h is  wha t we wa n ted  to pr ove.

< Base  Case:
< For the base case, we s imply verify tha t the theorem  is true when n = 1:  Then 1 2 = 1(2)(3)/6 is

true.  OK.

The Whole Proof



PLet a0, a1, a2, ... be a sequenc e sat isfying the
rec urrenc e an = 5an–1 – 6an–2, w ith a0 = 0 and a1 = 1.
 Show that an = 3n – 2n for all n $ 0.
< A gain, t hink of this as infinit ely many theorems
< Suppose t he theorem is  true for some p art icular value k

– T his is call ed the i nduction hypothes is
– as we wil l di scuss on the next slide, it is not enough to assume

the theorem is t rue for k.  W e will need to assume more.  T hat is,
we will need to st rengthen our induction hypothesis

< Show that it  is  t rue for k + 1
– T his is call ed the i nduction st ep

< T hen prove it is true for the first  t heorem, when k = ???
– 0

Recursive Sequence

PThe rec urrence is  a n = 5an–1 – 6an–2.  
PShow that an = 3n – 2 n for all n $ 0.
< Suppose it is true for k.   T hat is:  ak = 3 k – 2k

< Show it  is  true for k + 1:  That is, show ak+1 = 3 k+1 – 2k+1

< We use the recurrence:  
– ak +1 = 5 ak – 6 ak–1  =
–           5(3 k – 2 k ) – 6(..what..? ??... )

< It is not enou gh t o assume only t he kth t heorem!
< We need t o assume more.
<The st andard trick is  t o assume that the t heorem is t rue

not only for k,  but for all v alues up to and including k.
< (T his is called t he strong  induct ion hyp othes is)

Recursive Sequence

PThe rec urrenc e is  a n = 5an–1 – 6 an–2.  
PShow that an = 3n – 2 n for all n $ 0.
< Suppose it is true for all values from 0 up  t o k.   T hat is :

 ai = 3 i – 2 i for all 0 # i # k
< Show it  is true for k + 1:  T hat is,  show ak+1 = 3k+1 – 2k+1

< We use the recurrence:  ak+1 = 5 ak – 6 ak–1
< T his gives : 

Recursive Sequence

 ak+1 = 5(3k – 2k) – 6(3k – 1 – 2k – 1)
       = (5×3k – 6×3k – 1) – (5×2k – 6×2k – 1)
       = (5×3k – 2×3×3k – 1) – (5×2k – 3×2×2k – 1)
       = (5×3k – 2×3k) – (5×2k – 3×2k)
       = 3×3k – 2×2k  = 3k+1 – 2k+1

Wh ic h is what we w anted to prove

P We have es tablished that if the theorem is t rue for
all values up to some part ic ular value k, then it is
true for the next value, k + 1.

P We now need to prove some base cases as a
starting point for all our implic ations

P Let’s start with n = 0 and n = 1 :
< We need t o p rove t hat a0 = 30 – 20 and a1 = 31 – 21. 

Both of t hes e are eas ily verfied, as  a0 = 0 and a1 = 1.

Recursive Sequence



P<P le ase see book for a disc uss ion of this proof by
induction>

Tiling Squares with L-trominos


