
PProof by contradic tion
< Assume:

– ¬ p 6 Fal se
< Conclud e

– p

PWe show that if p is not true, then we obta in a
contradiction.  Th is implies that p must be true

PExample :
< Prove t hat an 8×8 checkerboard wit h two oppos it e

corners removed cannot  be tiled with 1×2 dominos

Proof by Cont radiction
Tiling a Pruned Checkerboard with

Dominos

P By cover ing with dominos,
we mean plac ing dominos
on the chec kerboard so that
every square is covered
w ithout gaps or over laps

X

X

P With these two squares
removed, c an what rema ins
be c overed?

< If so,  t hen look at what happ ens:  Each domino, no matt er
where p laced, covers e xact ly one blue and one whit e square. 
But then there must be an equ al nu mber of whit e and blue
squares in the port ion covered by dominos.  T his  is fals e.

PProve that if an m×n grid c ontains
an even number of squares, then it
can be c overed by dominos
<An m×n grid cont ains m@n squares.  If

this quant ity is  even, then eit her m
must be even or n must be even.
– How would you prove that?

< If m is even...
– Lay the dominos hori zontally

< If m is not ev en, t hen...
– n must be ev en, and we can set the

dominos vertically

Proof by Cases

m

n

PSuppos e a > 0 and ab > 0.  Prove that b > 0.
PProof by contradiction:
< Suppose t hat b Ý 0.  T hen eit her b = 0 or b < 0.

– i f b = 0, t hen we would have ab = 0, which i s fal se
– i f b < 0, t hen we would have ab < 0, which i s also fal se

< In eit her cas e, we get a contradiction, thus b > 0

PNote the us e of cases in that proof

Some Proofs



PProve that you c annot tile an 8×8 c hec kerboard
w ith 1×3 trominos
< Proof:  Supp ose y ou could.  Then 64 would be a

mult ip le of 3, which is fals e.  (Proof by contradiction)

PNow prove that if you remove a s ingle corner
from the 8×8 checkerboard, then you cannot tile
what remains w ith 1×3 trominos

A Tiling Proof

P Hint:  What if we color the
checkerboard as show n to the
right?

PThere are 21 red, 21 white and
22 blue squares.

P We c an see that if w e remove
a wh ite square, then w hat
remains cannot be tiled w ith
1×3 trominos
< Because then there will be 20

whit e, 21 red and 22 blue squares
<And if t he region could be tiled,

there would have to be t he same
number of each color of square

PSame for a red square

P But w hat if we remove a blue square?  Then the
resulting region does have an equal number of eac h.

P Does that mean the region can be tiled?
P No!

PWe have the follow ing theorem :
< If a re gion of t he checkerboard can be t iled with 1×3

trominos, then that a 3-colorin g of t hat  region must
have the same number of each color

< But t he conv erse is not necessarily  t rue:
– Namely, t hat i f a region has the same number o f each color,

t hen i t can ne cessarily be tiled
< In general, converses might be true, but y ou can’t

count  on it
< T he cont rap osit ive is  always t rue, thou gh.

– If a 3-coloring does not have an equal number of each color,
t hen the region cannot be tiled

Converse versus Cont rapositive

PSo, how do we prove the
region w ith a blue corner
removed cannot be tiled?

PSuppos e it could!
< Where do you think we go from

here?

PThen w e c ould rotate that
tiling c loc kw ise 90 degrees to
obtain a tiling with the w hite
corner removed...

PClear ly a contradiction.

Dealing with the blue co rner



P How many different ways are there to dominize a
2×13 rectangle w ith 1×2 dominos?

P Here are some sample domin izations :

Dominizing a 2×n rectangle

Can you discover a s trategy for getting this answer?

PTh is is not a proof-tec hnique
PSomet imes, when you have to solve a hard

problem, it makes sense to try to solv e a simpler
problem
<How would you change t he p roble m t o make it

simp ler ?
– T ry a di fferent si ze gri d...
– T ry many d i fferent s ized gri ds, and see i f you can fi nd a

pattern!

A Problem-Solving Strategy

# ways :     1       2           3     5                  8

PIt looks like each number in the sequenc e is the
sum of the two previous numbers:  f( n) =
f( n–1)+f( n–2) 

P How cou ld w e prove that this pattern will
continue?

Proving a Conjecture

n     # ways
1        1
2        2
3        3
4        5
5        8
6      13
7      21
8      34
9      55
10    89

< T here are 2 ways to start  do miniz ing a 2× n grid:
– Lay the fi rst domino vertically
– In which case there are f( n – 1) w ays to fi nish the job
– Lay the fi rst domino hori zontally
– In which case the one above or belo w i t must al so li e

hori zontally, and then there are f( n – 2) w ays to fi nish
the job

< Since t hose are all t he c as es, we’ve proven t hat   
f(n) = f( n–1)+f( n–2) 


