
PWhat is gcd(43, 44)?
PWhat is gcd(50, 52)?
PWhat is gcd(8331, 8333) ?
PSome helpful theorems :
< T heorem:  if  d | a and d | b,  t hen d | ( a + b)
< T heorem:  if  d | a and d | b,  t hen d | ( a – b)
< T heorem:  if  d | a and d | b,  t hen d | ( as + bt) for any

int egers s and t

PWhat is gcd(133, 98)?

Some Observations about Common
Divisors

PTheorem:  if  d | a and d | b, then d | ( a + b)
PProof:
< If d | a,  t hen a = k d for so me k 0 Z
< If d | b,  t hen b = ld for so me l 0 Z
< Then we can writ e ( a + b) as (kd + ld) = d(k + l)
< Which means a + b is a multiple of d
< Which imp lies d | ( a + b)

PLet’s f ind gc d(133, 98) w ith our new ideas

A Proof

< 133 = 1×98 + 35
<   98 = 2×35 + 28
<   35 = 1×28 +   7
<   28 = 4×  7 +   0

PThe last non-zero remainder gives the gcd

The Euclidean Algo rithm

The Euc lidean algorithm for f ind ing greatest c ommon
divisors is just an iterat ion of that s imple obs ervation

PFind the gc d(412, 1423)
< 1423 =   3  ×412 + 187
<   412 =   2  ×187 +   38
<   187 =   4  ×  38 +   35
<     38 =   1  ×  35 +     3
<     35 = 11  ×  3   +     2 
<       3 =   1  ×  2   +     1
<       2 =   2  ×  1   +     0

PSo these numbers are relatively prime

Another Example



PFind gcd(412, 56)
< 412 = 7 × 56 + 20
<   56 = 2 × 20 + 16
<   20 = 1 × 16 + 4 
<   16 = 4 ×   4 + 0
< So 4 is the gcd

PFind gcd(144, 233)
< 233 = 1 × 144 + 89
< 144 = 1 ×   89 + 55
<   89 = 1 ×   55 + 34
<   55 = 1 ×   34 + 21
<   34 = 1 ×   21 + 13
<   21 = 1 ×   13 +   8

Your Turn

< 13 = 1 ×   8 + 5
<   8 = 1 ×   5 + 3
<   5 = 1 ×   3 + 2
<   3 = 1 ×   2 + 1
<   2 = 2 ×   1 + 0

P Believe it or not, the idea of the remainder is
very important, and is us ed in many c ontexts

PIt is so important, that w e have a who le new
def inition relat ed to it :

PTwo integers a and b are c a lled congruent
(mod m) if they leave the same rema inder when
divided by m.  This is written a/b (mod m)
< T /F   14 / 40 (mod 13)
< T /F   33 / 76 (mod 20)
< T /F   –4 / 34 (mod 19)

Congruence

P Given a modulus m, the set of poss ible remainders
modulo that modulus is {0, 1, ..., m – 1}

P If you pick an integer n, then we c an cons ider the
set of a ll integers w hich are congruent to n

PThis is called the congruence class of n (mod m)
<= { x 0 Z | x / n (mod m)}

PFor example, the congruence c lass of 13 (mod 5) is
{..., –17, –12, –7, – 2, 3, 8, 13, 18, ...}

Congruence Classes

There are m congruenc e c lasses modulo m, and any
tw o integers in the same c lass ar e congruent (mod m)

PFrom the picture above, c an you th ink of another
way to say that tw o integers ar e in the same
congruenc e c lass?  (That is, that they have the same
color)

PFor example, w ill 104 and 123 have the same color?

PTheorem:  a / b (mod m) ø m | ( b – a)

Another Definition of a / b (mod m)

Any t wo int egers in t he same class are congruent (mod m)



PThere is one oth er us age of th e “mod” not ation
PWhen you se e the expression a mod m, (w ithout

the “/” symbol) th en it refers to the remainder
w hen a is divided by m

PFor example:
< 100 mod 4 = 0
< 21 mod 5 = 1
< 3 mod 14 = 3
< –2 mod 7 = 5

a mod m


