
PTwo integers a and b are c a lled relativ ely prime if
gcd( a, b) = 1

PThat is, they are relat ive ly prime if they have no
non-tr ivial common div isor

PWh ic h integers from 1 to 10 are rel.  prime to 10?
< 1, 3, 7, 9

PWe def ine the phi-f unction N(n) to be the number
of integers in the range {1, 2, ..., n} whic h are
relatively prime to n
< Every one:  F ind N(30)

Relatively Prime

PFor prime p,  N(p) = p – 1
< True

PWhat is the value of N( p2)  (again, for prime p)?
PConjecture:  N( ab) = N(a)N(b)
< Wouldn’t this be nice?
– N(30 )
– N(3)N(10 )
– N(3)N(5 )N(2 )
– 2·4·1
– 8

< But is it always true?  If not , then when  is it true?
< Work in groups to fi gure this out.. .  Quiz  4

The Phi-Function

PSomet imes a | b, and sometimes it doesn’t.
PIf aðb ( a does not divide b), then the div is ion b÷a

leaves some remainder, r
PSuppos e w e go around divid ing integers by 6 and

looking at the remainders.  What rema inders are
g iven by each of the follow ing:
< 1, 2, 3, 4, 5, ... , 29, 30?

PThe division algorithm says this:  Whenever we
divide one integer by another, we get a quot ient and a
remainder
< But what do you think we should say  about that re mainder ?

The Division Algo rithm
The Division Algo rithm

The Division Algorithm :
Given an integer n and a pos it ive integer d, w e
can divide n by d to get a quotient q and a
remainder r such that :

n = qd + r
0 # r # d – 1

P Use the division algorithm to :
< divide 30 by 7
< divide 100 by 9
< divide –84 by 20
< divide –100 by 9



POur prev ious algorithm for f ind ing the gc d of two
integers required us to f ind the prime
fac torizat ion of each of thos e integers

PThat c an be a hard s tep
PWe w ant to cons ider an algorithm for f inding the

gcd that does not require that step

Returning to the GCD

PWhat is gcd(43, 44)?
PWhat is gcd(50, 52)?
PWhat is gcd(8331, 8333)?
PSome helpful theorems:
< Theorem:  if d | a and d | b,  t hen d | ( a + b)
< Theorem:  if d | a and d | b,  t hen d | ( a – b)
< Theorem:  if d | a and d | b,  t hen d | ( as + bt) for any

int egers s and t

PWhat is gcd(133, 98)?

Some Observations about Common
Divisors

PTheorem :  if  d | a and d | b, then d | ( a + b)
PProof:
< If d | a,  t hen a = k d for so me k 0 Z
< If d | b,  t hen b = ld for so me l 0 Z
< T hen we can writ e ( a + b) as (kd + ld) = d(k + l)
< Which means a + b is a multip le of d
< Which implies d | ( a + b)

PLet’s f ind gc d(133, 98) w ith our new ideas

A Proof


