
PThese are the integers :  {..., –3, –2, –1, 0, 1, 2, ...}
PThese are the natural numbers:  {0, 1, 2, ...}
PWe w ill be c oncer ned at f irs t w ith the divisibility

proper ties of the integers and natural numbers

Integers

P10 is a mult iple of 2
P21 is a mult iple of 7
P100 is a mu ltip le of 10
P42 is a mult iple of –6
P–90 is a mu ltip le of 15
P–20 is a mu ltip le of –4

PIn general, given tw o integers a and b, w e say b is
a multiple of a if b = ma for some integer m.

Multiple

P4 div ides 20
P10 divides 100
P–9 divides 81
P6 div ides –30
P1 div ides 7
P–1 divides –8

PIn general, we say that a div ides b if b is a
mu ltip le of a.  This is wr itten:  a | b

Divides

P4 | 20
P10 | 100
P–9 | 81
P6 | –30
P1 | 7
P–1 | –8

PIf a and b are integers, and a d ivides b, then we call
a a factor of b

P “div isor” and “f actor” mean the same thing
PCan you list all factors of 10?
< –10, –5, –2, –1, 1, 2, 5, 10

PCan you list all pos itive factors of 20?
< 1, 2, 4, 5, 10, 20
< Can you see why you need only the first half of that list?
<Will there always be an even number of factors?

PCan you list all the pos itive factors of 36?
< 1, 2, 3, 4, 6, 9, 12, 18, 36 

Facto rs and Diviso r



P An integer p greater than1 is called prime if its
only pos it ive divisors are 1 and p

PWh ic h of the following ar e prime:
< 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17

Prime Numbers

P A prime factor is a factor w hich is prime
<What are the prime factors of 60?
<2, 3 and 5

PThe prime factorization of an integer n is an
expression of n as the product of primes
<100 = 2·2·5·5
<99 = 3·3·11

PReduc e the fraction:  30/100
PReduc e the fraction:  18/33
PGiven tw o integers a and b, w e c all the greatest

divisor common to both a and b their greatest
common div isor, denoted gc d( a, b).

Pgcd(30, 100) = 10
Pgcd(18, 33) = 3
Pgcd(20, 60) = 
< 20

Pgcd(105, 154) =
< 7

Greatest Common Divisor

PWe c an eas ily f ind the gcd of two integers given
the ir prime factorizations :
< a = 2·2·3·5·5·5·11·19·41·47     (= 604114500)
< b = 2·5·5·11·41·101·103          (= 234587650)

PWe c ons ider the greatest amount of eac h prime
fac tor that they have in c ommon

Prime Facto rization and gcd

PThe product of these prime fac tors gives the
greates t common divisor
<gcd = 2·5·5·11·41          ( = 22550)

PThis gives us an a lgor ithm for determ ining the gc d
of tw o integers, assuming w e c an f ind prime
fac torizat ions.

PFind gcd(19841693512938, 189341078342178)
<Do you want to f ind the prime factorizations of those two

numbers?
<(2)*(3)*(11)*(41)*(42139)*(174007)
<(2)*(3)*(7)*(23)*(103)*(1902963661)

P How wou ld you dec ide that 1,902,963,661 is pr ime?
<Can you come up w ith an algorithm for dec iding this?
<Would your algorithm work on

1389417289417832798974189341892378192741843197?
PThus, our gcd algorithm is not very good.  We w ill

f ind a bett er one on Thursday

Our algorithm fo r finding gcd



PTwo integers a and b are c a lled relativ ely prime if
gcd( a, b) = 1

PThat is, they are relat ive ly prime if they have no
non-tr ivial common div isor

PWh ic h integers from 1 to 10 are rel.  prime to 10?
< 1, 3, 7, 9

PWe def ine the phi-f unction N(n) to be the number
of integers in the range {1, 2, ..., n} whic h are
relatively prime to n
< Everyone:  Find N(30)

Relatively Prime

PTwo integers a and b are c a lled relativ ely prim e if
gcd( a, b) = 1

PThat is, they are relatively pr ime if they have no
non-tr ivial common divisor

PWhic h integers from 1 to 10 are rel.  prime to 10?
< 1, 3, 7, 9

PWe def ine the phi-f unction N(n) to be the number
of integers in the range {1, 2, ..., n} whic h are
relatively pr ime to n
< Everyone:  Find N(30)

Relatively Prime

PSomet imes a | b, and sometimes it doesn’t.
PIf aðb (a does not divide b), then the div is ion b÷a

leaves some remainder, r
PSuppos e w e go around divid ing integers by 6 and

looking at the remainders.  What rema inders are
g iven by each of the follow ing:
< 1, 2, 3, 4, 5, ..., 29, 30?

PThe division algorithm says this:  Whenever we
divide one integer by another, we get a quot ient
and a remainder
< But what do you think we should say about that

remainder?

The Division Algo rithm The Division Algo rithm

The Division Algorithm :
Given an integer n and a pos it ive integer d, w e
can divide n by d to get a quotient q and a
remainder r such that :

n = qd + r
0 # r # d – 1

P Use the division algorithm to :
<divide 30 by 7
<divide 100 by 9
<divide –84 by 20
<divide –100 by 9


