T he Choose Numbers

P How many ways are there to select k objects from
ndistinct objects?
<Wecalledthat number “ n choose k”
<Wedenoted it gg

PI'lIl informally call such numbers the “chocse
numbers’

Some Sample Choose Numbers

PWhat is 4 choose 1?

-4

<Wha is 4 choose 27?
-6

<Wha is 5 choose 1?
-5

<Wha is 5 choose 27
- 10

<Wha is 5 choose 3?
- 10
— Notethatthisisthe same as 5 choose 2.
— That sbecausesd ecting which three to pick isthe same &

sd ecting whi ch two not to pick

— Andthusthere arethe same numbers of ways to make the
sd ections

Some Sample Choose Numbers

PWhat is 5 choose 4
< Same as5 choose 1, which is 5

PIn general, ®9_&n 0
ko &n- kg
Pln general, what is nchoose 1?
<n
PWhat is nchoose n?
<1
PWhat is nchoose 0?
<1
PWhat is nchoose 2?
<n(n-1) /2, which can bederived from the fadorid
expression for choose numbers

Choose Polynomials

PFor fixed k, the value of nchoose k is a
polynomial in n of degree k

PFor example:
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Pascal’'s Triangle
i Pascal’sTriangleis

T histriangl e contains all of the defined recursivdy:

choose numbers. AL
" '\..1_,- ._z _.I_.--._
Tofind nchoose k go to the J1.3 3 1] Thereareal 1'son

nthrow and sd ect the kth 17476747 1] theoutside and

entry SA[a7w o G[1]  inside every
' W[ 61 entryisthe

But bear in mind that sum ofthe

two entri es

Pascal’ striangle starts aboveit

withtheOth row, and
eachrow starts with
theOth entry.

Binomial Coefficients

PTherest of theworld calls thechoase numbers
“binomial coefficients”

PThat is because they appear in the expansion of
binomialsto integer pow ers

P1

Pa+b

Pa’+ 2ab + b?
P..

Binomial Coefficients are Choose
Numbers

(a+ b)°
(a+ b)(a+ b)(a+ b)(a+ b)(a+ b)

Inthefirg expression, thecoefficient of &b® for exanple,
iswhat we call abinomial coefficient.

Tocompuethe coefficient of &b’ in the second expression,
we count the number of waysto seled atermfrom each of
thefivefactors, making surethat exactly 3 of them are” b”.
Thereare 5 choose3 waysto dothat.

Another Question

P How many ways ar e there to place nballs into
two bins, one bin blue and the other binred, so
that exactly k balls go intothe blue bin and n—k
gointo thered bin?

Q000000000 000OOO nballs

k ballsinto n—kballsinto
this bin this bin

< The answer is nchoose k, since we can sinply count the
number of waysto sdectthe kfor theblue bin.




MoreBins

P How many ways are there to place ndistinct
objectsinto t distinct bins so that
<thenumber of objects in each bin is ky, ks, ..., k;
<wherek, + k, +p+ k.= n?

P Canyou think of a“choase number” way to do
this?

P Hereis an anagram way to do this:

bins

objects 1 2 3 4 5 6 7 8 9 10 1112 13 14 15 16

P Everyrearrangement of the bins gives another
assignment of objects to bins.

Multinomial Coefficients
bins

objects 1 2 3 4 5 6 7 8 9 1011 1213 14 15 16

P Every rearrangement of the bins gives another
assignment of objects to birs.

P The number of “bin anagrams” is 16! / 5!5!3! 3l
PIngeneral, there are n! / k,!k,!...k/!
PThesenumber are called multinomial codf icients

Some Sample Problems

P How many ways are there to divide twenty
students into four teams, the A, B, Cand D
teams, each containing five students?
< 20! /5!5!515! = 11,732,745,024

PSix students wer e elected as doff icers, and the
teacher wishes to assign one of those students as
president, two as vice presidents and three as
secretaries. How many was are there to do this?
< 6/112!3! = 60




