I ntroduction to Counting

PWewill now address questions of the
sort: “How many ...?"

PFor example:
<How many straight flushes are possiblein
poker?
<How many full houses arethere?

<How many way sarethereto arrange the

letersof theword“ LOVE'?

<How many way sarethereto arrange the

legtersof theword“ STRESSED” ?

<How many waysarethereto walk from A to

B inthediagramto theright?

TheProduct Rule for Counting

PTo count the number of ways to perform amulti-
part task, you can multiply together the number of
ways to paform each part

P Question:
<How many three-digit numbers are there?
P Answer :

< Lé usask how many waysthere areto build such a
number. Building such a number consists of three
parts: Selectingthefirst digit, selectingthe second
di git and seleding thethird digit.

<Thereare9waysto seled thefirst di git, and then 10
waysto seled each of the next two di gits.

< So, altogether, there are 910§10 = 900 such numbers

Another Example

P Question:
<How many five-letter passwords are possible if each
character may be either aletter or adigit, but thefirs
character mug bealetter?

P Answer:
< Thereare 26 choices for thefirg character
< Each subsequent charader has 36 possihilities
< So dtogether there are 26136§36i36i36 = 43,670,016
possiblepasswords

Another Example

P Question:
<New Jersey licenseplates now read, |eft to right, three
letterstwo digits-oneletter. Notlong ago, they had
threeletersfollowed by four digits. Under which
gystemarethere more possibilities for alicenseplae?
(Assumein each casetha theinitid digit cannot be0.)

P Answer :
<New System: 26i26i26i910i26
<Old system: 26126(26(9i10(10i10
<Wedon't need to comput e produdsto determine
whichis bigger: We cansimply take their raio:
— New/Old = 26 26} 26i 9 10 26/26i26i26{9] 10 10{ 10 = 26/100
< Sotheold sysemhad more licenseplaepossibilities.




Another Example

P Question:
<How many way sarethereto arrange the | etters of the
word“ LOVE"?

P Answer:

<Wecan think of arrangngthe ldters asaprocess with
thefour parts: seled thefirst leter, seect the second
later, select the third letter, seled thefourth leter.

<How many way sto seled thefirst later?
-4

<How many way sto seled the second letter?
-3

<Andso on. Sothetotal number of waysto build an
arrangement of letersis 43i2i1 = 24.

Arranging Distinct Objects

P Question:
<How many ways are thereto gack the blocks
showntotheright?

P Answer :
<Thisis very similarto the preceeding problem
< Wecan consider theprocess of buildingsuch a
stack:

—Thereare5 ways to sel ect the bottom block, 4 waysto
sd ect the block abovethat, ec..

< So dtogether, there are5i4§3i2i1 = 120 ways to
buildsuch a stack
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Arranging Distinct Objects

Pt turns out that the following general question
has wide application, and its answer should be
memorized and understood:
<Q: How mary ways arethereto arrange ndigind

objects
<A: ni(n=1(n-2) pi2i1
PThat is, the product of the numbeas from1to n

P Thisquantity is used so often, that it has its own
shorthand notation: n!
<Thus, n! = ni(n—1)i(n-2) pi2i1

Pltiscalled “ nfactorial”

Arranging Distinct Objects

PQ: In how many orderscan aquarter, dime and
nickel be put into a vending machine to purchase a
40-centsoda?

PA: 3
<=6

PQ: How many ways ar e there to line up 20 students?

PA: 20!
<=2432902008176640000

PQ: How many finishesw ere possiblefor the 21
horseswhoran the Kentucky Derby this year?
< 21! (assumingthey all finished, andthere were noties)




Arranging Objects with Repeats

P How many ways are there to arrange the letters of
theword “LONE"?

<4l = 24, becausethe letters were all digina

P How many ways are there to arrange the letters of
theword “NONE"?
<Theanswer is not 4! any more.

<How many way sto seled thefirst leter?
-3

<How many way sto seled the second letter?
— T heanswer depends on our sd ection for the first | etter!

< So, not only isthe answer nat 4!, but we can’'t even use
astraightforward multiplicaion for thisproblem at al.

Arranging Objects with Repeats

PThetrick isto color the letters to make them all
diff erent...

<“NONE” has somereeats
<But“NO E” has none

Thereare 24 arrangements of theword “NO  E”,
becausenow the letters are distinct.

Butif weremovethecolors from the letters those 24
arangements are not all distinct anymore.

“ NO En —u ON E”, and “ ON En —u O NEH

P How many distinct arrangementswill there be?




