SmeProofs

PSupposea>0and ab > 0. Provethat b> 0.

PProof by contradiction:

< Supposetha bY 0. Then either b=0or b< 0.
—ifb=0 thenwe would have ab= 0, which s false
—ifb< 0 thenwe would have ab< 0, whichis also false

<Ineither case, we get a contradidion, thus b> 0

P Notethe use of cases in that proof

A Tiling Proof

PProvethat you cannot tile an 8x8 checkerboard
with 1x3 trominos
< Proof: Supposeyou could. Then 64 would be a

multipleof 3, which is false. (Proof by contradiction)

P Now provethat if youremove asinglecorner
fromthe 8x8 checkerboard, then you cannot tile
what remains with 1x3 trominos

P Hint: What if we color the
checkerboard as shown to the
right?

PThereare 21red, 21 white and
22 blue squaes.

P Wecan see that if we remove
aw hitesquare, then what
remainscannot be tiled with
1x3trominos
< Becausethen therewill be 20

white, 21 red and 22 blue squares
<Andif theregion could betiled,

therewould haveto bethe same

number of each color of square

P Samefor ared square

P Butw hat if we remove a blue square? Then the
resultingregion does have an equal number of each.

P Doesthat mean theregion can betiled?
PNol!

Converse versus Contrapositive

P We have thefollowing theorem:
<If aregion of thecheckerboard can betiled with 1x3
trominos, thenthat a3-coloringof that region must
havethe same number of each color
< Butthe mnverseis not necessarily true:
— Namely, thaif aregion hasthe same number of each col or,
thenit can necessarily be tiled
<Ingeneral, converses might betrue, butyou can't
count on it
<Thecontrapostive isalwaystrue, though.
— Ifa3-coloring does not have an equal number of each color,
thenthe region cannot betil ed




Dealing with the blue corner

PSo, how dowe provethe
regionwith a bluecorner
removed cannot betiled?

PSupposeitcould!
< Wheredo youthink we go from

here?

PThenwe could rotate that
tilingclockwise 90 degrees
toaobtain atilingw ith the
whitecorner removed...

PClealy acontradiction.

Dominizing a 2xn rectangle

P How many different w ays ar e there to dominize a
2x13rectangle with 1x2 dominos?

P Here aesomesample dominizations:

Canyoudiscover astrategy for getting this answer?

A Problem-Solving Strategy

PThisis not aproof-technique

PSometimes, when you havetosolve ahad problem,
it makes senseto try to solvea smpler problem

<How wouldyou changethe problemto make it simpler?
— Try adifferent sizegrid...
— Try many different sized gri ds, and seeif you can find apattern!

J

#ways: 1 2 3 5 8

Proving a Conjecture

Plt looks like each number in thesequence isthesum
of the two previous numbers: f(n) = f(n-1)+f(n-2)
P How couldwe provethat this pattern will continue?

_n_[#ways

<Thereare 2waysto start dominizinga2xngid: 1 | 1
— Laythefirst domino verticaly g ;

— Inwhich casethere are f(n— 1) waysto finish thejob 4 5
— Laythe first domino hori zontaly 5 8
— Inwhich casethe one aboveor bd ow it must asolie 6 |13
hori zontd ly, andthen there are f( n— 2) ways to finish 7 |21
thejob 8 |34

< Sincethose are all the cases, w€ ve proven that 9 |55
f(n) = f(n-1)+f(n-2) 10 |89




