
P Direc t Proof
<Assume:

– p
– p 6 q

< Conclud e 
– q

P In proofs of this type, the bulk of the work is in
show ing p 6 q

PFor example:
<Prove t hat if I p ut  17 kings ont o a 8×8 chessboard, t hen

there must be two kings t hat are adjacent, eit her
horizontally , vert ically  or diagonally.

Methods of Proof Kings on a Chessboard

PSuppos e I 2-color the
chessboard as shown

PThere are 16 2×2
regions

PIf I p lace 17 kings into
thes e 16 regions, then
some reg ion will get at
leas t 2 kings

PThey w ill be adjac ent
PEnd of proof.             ê

PIndirec t Proof
<Assume 

– ¬ q 6 ¬p
< Conclud e

– p 6 q

PThis is s imply the assertion that an implicat ion is
logically equivalent to its c ontrapos it ive

PFor example:
<Prove t hat if n is con gruent to 3 (mod 4), then n is not

the sum of t wo squares
– p:  n is congruent to 3 (m od 4)
– q:  n is not the sum o f two squar es

Indirect Proof
PProve that if n is c ongruent to 3 (mod 4), then n is

not the sum of tw o squares
< p:  n is congruent t o 3 ( mod 4)
< q:  n is not t he sum of t wo squares

PWe will show that ¬q 6 ¬p
<Assume ¬q.  T hen n is the sum of t wo squares:

– n = a2 + b2, where a and b are integers
< Let ’s consider t he p ossible values of a square (mod 4):

– Every integer i s either 0, 1, 2 or 3 (mod 4)
– The squares o f those are 0, 1, 4, 9 (mod 4), which reduce to:
–                                         0, 1, 0, 1 (m od 4)
– That is, every square is congruent to either 0 or 1 (m od 4)

< But then the sum a2 + b2 is eit her 0, 1 or 2
< But not 3.  So n is not congru ent to 3 (mod 4)

Sum of Two Squares



PProof by contradic tion
< Assume:

– ¬ p 6 Fal se
< Conclud e

– p

PWe show that if p is not true, then we obta in a
contradiction.  Th is implies that p must be true

PExample :
< Prove t hat an 8×8 checkerboard wit h two oppos it e

corners removed cannot  be tiled with 1×2 dominos

Proof by Cont radiction
Tiling a Pruned Checkerboard with

Dominos

P By cover ing with dominos,
we mean plac ing dominos
on the chec kerboard so that
every square is covered
w ithout gaps or over laps

X

X

P With these two squares
removed, c an what rema ins
be c overed?

< If so,  t hen look at what happ ens:  Each domino, no matt er
where p laced, covers e xact ly one blue and one whit e square. 
But then there must be an equ al nu mber of whit e and blue
squares in the port ion covered by dominos.  T his  is fals e.

PProve that if an m×n grid c ontains
an even number of squares, then it
can be c overed by dominos
<An m×n grid cont ains m@n squares.  If

this quant ity is  even, then eit her m
must be even or n must be even.
– How would you prove that?

< If m is even...
– Lay the dominos hori zontally

< If m is not ev en, t hen...
– n must be ev en, and we can set the

dominos vertically

Proof by Cases

m

n


