M et hods of Proof

P Direct Proof
<Assume:
-p
-p6g
<Conclude
-q
PIn prodfs of thistype, the bulk of thework isin
showingp 6 q

PFor example:
<Provethaif | put 17 kings onto a 8x8 chessboard, then
there must betwo kingsthat are adjacent, ether
horizontally, vertically or diagonally.

Kingson a Chessboard

PSupposel 2-color the
chessboard as shown

PThereare 16 2x2
regions

PIf | place 17 kings into
these 16 regions, then
someregion will get at
least 2 kings

PTheywill be adjacent

P End of proof. é

| ndirect Proof

PIndirect Proof
<Assume
--0q6-p
<Conclude
-p6q
PThisis simply the assertion that an implication is
logically equivalent to itscontrapositive

PFar example:
<Provethatif niscongruent to 3 (mod 4), then nis not
thesum of two squares
— p: niscongruent to 3 (mod 4)
— @g: nisnotthesum oftwo squares

Sum of Two Squares

PProvethat if niscongruent to 3(mod 4), then nis
not the sum of two squares
<p: niscongruentto 3 (mod4)
<(@: nisnotthe sum of two squares

PWe will show that -q 6 =p

<Assume-g. Then nisthe sum of two squares:
— n= a’+ b? where aand b areintegers

<Lé’sconsider thepossiblevaluesof asquare (mod 4):
— Everyintegeris either O, 1, 2 or 3 (mod 4)
— Thesquaresof those are O, 1, 4, 9 (mod 4), which reduce to:
- 0 1,0,1 (mod4)
— Thatis, every squareis congruent to either 0 or 1 (mod 4)

<Butthen thesum a’+ b®is either 0, 1 or 2

<But not3. S nis notcongruent to 3 (mod 4)




Proof by Contradiction

PProof by contradiction
< Assume:
—-p 6 Fdse
< Conclude
-p
PWeshow that if p is not true, thenwe obtain a
contradiction. This impliesthat p must betrue

P Example:

< Provethat an 8x8 checkerboard with two opposite
cornersremoved cannat betiled with 1x2 dominos

Tilinga Pruned Checkerboard with
Dominos

P By covering with dominos, N N
wemean placingdomines | T T N
onthe checkerboard so that Il Il Il |
everysquare is covered H B BN
without gaps or overlaps

P With these two squares

N
HEHENE
removed, can what remains i H NN
becover ad? HE H BN
<Ifso, then look at what happens: Each domino, no matter
whereplaced, covers exactly one blue and one white square.

But then there must be an equa number of white and blue
squaresinthe portion covered by dominos. This is false.

Proof by Cases

PProvethat if an mxngridcontains

an even number of squares, then it

canbecovered by dominos

<Anmxn gid contains minsquares. If

this quartity is even, then either m

must be even or n must be even.

— How woul d you prove that? m
<lIf miseven...

— Laythe dominos hori zontally
<If misnot even, then...

— nmustbe even, and we can set the
dominosverticaly




