Returningtothe GCD

P Our previous algorithm for finding the gcd of two
integersrequired ustofind the prime
fectorization of each of those integers

PThatcan bea hard step

PWewant to consider an algorithm for finding the
gcdthat does not require that step

Sone Observations about Common
Divisors

PWhat is gcd(43, 44)?
PWhat is gcd(50, 52) ?
PWhat is gcd(8331, 8333)7?
PWhat is gcd(1420, 1426)?

PSome helpf ul theorems:
<Theorem: if d| aand d| b,then d|(a+ b)
<Theorem: if d| aand d| b,then d|(a—- b)
<Theorem: if d| aand d| b,then d|(as+ k) for any
integers sand t

A Proof

PTheorem: if d]Jaand d| b,then d|(a+ b)

PProof:

<Ifd| a,then a=kdforsomek 0 Z

<Ifd| b,then b= Idfor some 10 Z
<Thenwecanwrite(a+ b) as(kd + Id) = d(k + I)
<Whichmeans a+ bisa multiple of d
<Whichimpliesd|(a+ b)

PLet'sfind gcd(133, 98) with our new ideas

T he Euclidean Algorithm

The Euclidean algorithm for finding greatest common
divisorsis just an iteration of that simple observation

<133=1x98 + 35
< 98=2x35+28

< 35=1x28+ (7]
< 28=4x 7+ oﬁ

PThelast non-zeroremainder gives the gcd




Ancther Example

PFindthe gcd(412, 1423)
<1423= 3 x412 +187
412= 2 x187 + 38

AN

< 187= 4 x 38+ 35
< 38=1x 35+ 3
< 3H=11x3 + 2
< 3= 1x 2 +
< 2=2x1 + O

PSothese numbers arerelatively prime

YourTurn

PFind gcd(412, 56)

<412=7x56+ 20
< 56=2x20+ 16
< 20=1x16+14
< 16=4x 4+0
< So4isthe gcd

PFind gcd(144, 233)

<233=1x144+ 89
<144 =1 x

<

TANVANEVAN

89=1x
55=1x
4=1x

89+ 55
55+ 34
34+ 21
21+13

<21=1x13+38
<13=1 x

<

N NN

8=1x
5=1x
3=1x
2=2x

8+5
5+3
3+2
2+1
1+0




