Complexity of Binary Search

start = 1; end =n;
while (start < end){
middle = (start + end) / 2;
if $> a4 then

start = middle + 1;
elseend = middle— 1;

if(s== adtart) location = start;
elselocation = 0; \
The questionis. How

Constant time many times will this while
loop be executed?

«— Each pass through
the body of the
while loop takes
constant (unit) time

Complexity of Binary Search

P Calculate the number of times the while loop will
be executed

P Each pass through the while loop decreases the
size of therange by at least half

P So the question is:
» Given an integer n, how many times does it need to be
cut in half before it reaches, or goes below, 1?
PThat is, which of the following will first be < 1?
> /2, n/4, n/8, /16, ..., /2, ...

Complexity of Binary Search

PThat is, which of the following will first be <1?
> n/2, /4, n/8, /16, ..., /2 ...

P We solve the equation: n/2* < 1, and get k > log,n
PSoif we set k =[log,n}, then we know that after
that many iterations of the while loop, we will

have found our item, or concluded that it was not
inthelist

Logarithmic Time Complexity is Fast
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P Our analysis shows that R L R

binary search can be donein 2 12 4

time proportional to the log 4 D C ] IR OO
of the number of itemsinthe 20 5 20 400 1048576
||St 50 6 50 2500 1.1E+15
100 7 100 10000 1.3E+30
PThisisconsidered very fast 200 8 200 40000 1.66+60
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when compared to linear or
polynomial algorithms 2000

P Thetable to the right
compares the number of
operations that need to be
performed for algorithms of
various time compl exities
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An Algorithm to Test one-to-one-ness

PTESTPAIRS:

P Supposef:A - Bisafunction, and A and B are
finite sets

P For each element a of A, compute b = f(a), and
then check, for each element a’cA, a’#a, whether
f(@’) =h.

» In finite time we will check al pairs

» Each checking is a straightforward comparison

» If the answer is ever “yes,” then the function isnot 1-1
» Otherwise the function is 1-1

P Aren’t you wondering what the time complexity of
this algorithm is?

Time Complexity of TESTPAIRS

PWe have to consider |A| elements

P For each of those, we need to compare its function
value with that of |A|— 1 other eements

P For atotal time of |A|(JA|— 1) steps
PWhich is O(JAP)
» Thisis considered a quadratic algorithmin the size of A

» Note that the size of B does not affect the speed of the
algorithm

P Can we do better? Can you suggest another
algorithm?

Another Algorithmto Test 1-1

P COLORRANGE:

P For each element a of A, color f(a) blue to show
that “we' ve been there already”

P If, during this process, wetry to color an element
blue which is already blue, then the function is
not 1-1.

PBut if that never happens, then the functionis 1-1

PAgan, | can seethat you are wondering what the
time complexity of thisalgorithmiis...

Complexity of COLORRANGE

P We do something once for each element of A, and
that something takes constant time

PInthe“worst case,” that is, the case that makes
our algorithm run the longest, we have to scan
through al of A, which will take |A| steps.

P So our agorithm will runin O(|A]) steps.
» So our algorithmislinear inthe size of A
» Note again that |B| does not affect the running time
» Isthis faster or Slower than TESTPAIRS?




