An Actual Algorithm

PProblem:
<SORT: Given afinite n-tupleof integers, sort that tuple
intoincreasing order
P Algorithm:
< 1. Scanthetuleleft-to-right for an adjacent pair of
elementsthat are out of order
<2. Ifyou find such apair, swg them and goback to s 1
<3. Yourtuleis now sorted

P Analysis:
<Itis not clear that this algorithm ever terminates

< But we can prove (searately) tha it does
—inat most n(n—1)/2 swaps

Pseudomdefor SORT

/ILet a,, a,,..., a,bethe n-tupleto sort

found = true
while(found == true){
found = false
fori=1lton-1
if a > a,, then{
swap a and &,
found = true
break (out of for loop)
}

/IThe n-tuple is now sorted

Another Algorithm

PProblem:

<MAX: Given afinite sequence a,, a,, ..., a, of red
numbers, find the maximum element of that sequence

P Algorithm:
<1l Letmax= a;
<2 Leti=2
< 3. If > max,thenlet max = g
<4, Increment i
<5 If i# nthengotostep 3
< 6. max isthe maximum element of the sequence

Pseudoadefor MAX

/IGivenasequence a,, a,, ..., a,of real numbers
max = a,;
fori=2ton

if a > max then max = a;

/lmax is now the largest element




Another Algorithm

PProblem:
<SEARCH: Given asorted list of elements, determine if
somegiven element sisinthe lis
P Algorithm: (Binay Search)
<1 LetL betheorignal lig
<2. If Lhaslor2 dements, just check them diredly.
Otherwise, check the middleelement of the lig L
< 3. If this element is s,then we are done
< 4. Otherwise, conparethis dement with s. If sislarger,
then let L be theportion of the lig to the ri ght of the

middleeement, otherwise let L be theportion of the lig
tothe left of the middle element

<b. Gotoste 2

Pseudooodefor Binary Search

/ILet L be asorted list of n elements, search for s

gart =1; end =n;
while (gart < end){

middlie = (dtart + end) / 2;
if s> a4 then gart = middle + 1,

else end = middle—-1;

}

if (s== agtart) location = dart;

else location = 0;

/llocation contains the subscript, or O if sis not present

Complexity of Algorithms

P “Complexity” r & ers to the amount of time
required to carry out an algorithm
<(T hereare other types of conplexity, for example,
referringto the amount of gace (memory) needed, but
wewon't consider those in this course)
PTocompute the “time” of an algorithm, we
assumethat certain basic steps take unit time, and
thencompute the total running time by
considering how many of our unit-timesteps
needto be done

P Asyou’ llsee, wew ill often be very rough in our
computations.

Complexity of Sort

1. Scanthetuple left-to-right
for an adjacent pair of
e ementsthat are out of order

2. Ifyou find such apair,
swap them and go back to
step 1

3. Yourtupleisnow sorted

found = true
while(found == true){
found = false
fori=1lton-1
if > ayqthen {
swap g and au
found = true
break (outof for loop)
}
}

Thisalgorithmterminaes ater & mog n(n—1)/2 swas

Whichdescription of the d gorithm is easier to analyze?




Complexity of Sort

Thisloop loops at most

found =true n—1ltimes
while(found == true){
found = false <—— unittime
fori=1ton-1 P N
if &> a,, then { T akesa fixed amount of
swvap a and a,, ti me (does nat change over
found = true the course of the algorithm)
break (out of loop) sowe consider that a“ unit
} time” gep
}

Complexity of Sort

P Eachrun through the body of the while loop
takestime at most n

PThe while loop runs at most n(n—1)/2 times
PFor atotal running time of # n x n(n—1)/2
PWhichwecall O(n®)

Complexity of Binary Search

start = 1; end=n;
while (start < end){
middle = (start + end) / 2;
if S> aqqe then
start = middle + 1;
else end = middle - 1;

«—Eachpassthrough
thebody of the
whileloop t akes
constant (unit) time

if(s== adtart) location = start;
Lelse location = 0,

_ Thequegtionis: How
Constant time mary times will thiswhile
loop be executed?

Complexity of Binary Search

P Calculatethe numbe o timesthewhile loopw ill
beexecuted

P Each pass through thewhile loop decreases the
size of therange by at least half

PSothe question is:
< Givenan integer n, how mary times does it need to be
cut in half beforeit reaches, or goes below, 1?
PThat is, which of thefollowing will first be< 1?
<n/2, nl4, n/8, n/16, ..., n/2, ...




Complexity of Binary Search

PThat is, which of thefollowing will first be < 1?
<n/2, n/4, n/8, n/16, ..., n/2%, ...

PWesolve the equation: n/2“< 1, and get k > log,n

PSoif weset k = jlog,nk, then we know that after
that many iterations of the while loop, wewill
havefound our item, or concluded that it was not
inthe list

L ogarithmic Time Complexity is Fast

POur analysis showstha npeen. . ML AN
binary search can be donein 2 1 2 4 4
timeproportiond to the log 5 3.5 2 32

fth b f it inth 10 4 10 100 1024
of the number of items inthe 5 5 20 400 10MB76
list 0 6 50 2500 11E+15

.. . 100 7 100 10000 1.3E+30

PThisis considered very fast 200 8 200 40000 16E+60

whencomparedto linear or lggg 13 158; 21520'& err
. . H err

poly nomial al gorithms 2000 11 2000 4E+06 err
5000 13 5000 3E+07 err

PThetableto theri ght
conmparesthenumber of
operationstha needto be
performed for algorithms of
varioustime complexities




