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Parent’s Night

I.  Dynamic Programming

A. We introduce dynamic programming in the context of finding the shortest path on a
directed graph

B. We can find the length of the shortest path into a vertex by first finding the lengties of
shortest paths into all predecessors of that vertex, and then using those result&i¢o find t
shortest path into the vertex under consideration

C. By selecting the correct order in which to process the vertices, we can lsel disatir
every vertex’s predecessors will have been processed prior to processing éxat vert

Il. Global String Alignment
A. With string alignment, the big idea is that to find the highest-scoring alignbedéween
two strings, we can solve three sub-problems, and combine their solutions
1. The three sub-problems are those formed by deleting the last character from one or
both of the strings
2. We combine them by comparing the scores of those alignments with the additional
costs of adding either one character and a gap, or two characters to the end of the
alignments, and selecting the greatest
B. We use a matrix to keep track of all of these sub-problems, where each entry atrtke m
corresponds to the highest score possible when aligning the two corresponding string
prefixes
1. We put optimal scores in the matrix
2. We add memos showing the neighboring squares form which the optimal alignment
scores come
C. The optimal alignment score is the score found in the lower-right corner of ttve, mat
and the optimal alignment can be found by tracing from the bottom-right corner to the
top-left corner, following the memos
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lll. The SIR model
A. We investigate a relatively simple model which divides the population into three
compartments:
1. Susceptible
2. Infected
3. Recovered / Removed
B. We show equations of change for this model

1. S=— S I()
2. 1= SO 1) - It
3. R= I()

4. Where is the infection rate andis the recovery rate of the infection
C. A spreadsheet is used to model the long-term behavior of the disease under this model

IV.  Testing Interventions

A. We then consider three different intervention strategies, and model thets &fje
varying the appropriate parameters in our spreadsheet
1. Vaccination
2. Travel restrictions / Quarantine
3. Treatment of infecteds and their close associates to reduce the rates# disea

transmission

B. We were able to see the effectiveness of these individually and in various caonisinat
to discover what treatments would be genuinely effective

C. Finally, we consider the effects of many different degrees of vaccination.
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Instructor’s Notes for

Parent’s Night

This workshop has three handouts that the parents are invited to work on.
1. Have them find by ad hoc means the shortest path from Work to Home

2. Here they use the dynamic programming algorithm they just learned to find atgfaities
Expect this one to take a while. This is okay, because it is intended to be the focus ofehe enti
night.

3. This one may be omitted if there are not enough calculators present, or if the tinmeng r
short. The intention is to give parents a hands-on chance to simulate a model for themselves
This is very worthwhile for showing that they, too can understand these seemintgyiougs
symbols.

The plan for the string alignment portion of the workshop is that you have them work on the
shortest path algorithm through the first handout, and then show how the ideas extend to create a
string alignment algorithm. Do not necessarily attempt to have them understineddatails of

the connection between shortest paths and optimal alignments.

The material associated with the SIR models is intended, in large part, to bersht®il-aThus
not too much time should be spent on the slides. Also, the included spreadsheet should be used
to show the effect of the various interventions.
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June 2006 in Miyazaki, Japan

Image from wikimedia.com, freely available under the gnu public license

A farm had sick pigs with flu-like symptoms. The
public health folks were called in to discover what
the disease was, how lethal it was, where it came

from and, most importantly, could it cause iliness
In humans.

What wouldyou do???
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Flu Virus

Here is a picture of a typical influenza virus:

From the NIH website

The squiggles in the inside of this virus are the
DNA molecules containing the virus’s genes.

Viral DNA mutates fairly rapidly, so that if we can
find the DNA sequence for a particular virus, we
can trace its history by comparing it to other
strains.
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Sequencing

For their next step they found the DNA sequences ¢
all eight segments. One of the segments looked lik
this:

1 agcaaaagca ggagattaaa atgaatccaa atcagaagat aataaccatt ggatcaatct

61 gtatggtagt tgggataatt agcttgatgt tacaaattgg gaacataatc tcaatatggg
121 tcagtcattc aattcagaca gggaatcaac accaagctga accatgcaat caaagcatta
181 ttacttatga aaacaacacc tgggtaaatc aaacatatgt caacatcagc aataccaatt
241 ttcttactga aaaagctgtg gcttcagtaa cattagcggg caattcatct ctttgcccca
301 ttagcggatg ggctgtacac agtaaggaca acggtataag aatcggttcc aagggggatg
361 tgtttgttat aagagagccg ttcatctcat gctcccactt ggaatgcaga actttctttt
421 tgactcaggg agccttgctg aatgacaagc actccaatgg gaccgtcaaa gacagaagcc
481 ctcacagaac attgatgagt tgtcctgtgg gtgaggctcc ctccccatat aactcaaggt
541 ttgagtctgt tgcttggtcg gcaagtgctt gccatgatgg caccagttgg ttgacaattg
601 gaatttctgg cccagacaat ggggctgtgg ctgtattgaa atacaacggc ataataacag
661 acactatcaa gagttggagg aacaacatac tgagaactca agagtctgaa tgtgcatgtg
721 taaatggctc ttgctttact gtaatgactg acggaccaag taatgggcag gcctcatata
781 agatcttcaa aatggaaaaa gggaaagtag ttaaatcagt cgaattgaat gcccctaatt
841 atcactatga ggagtgctcc tgttatcctg atgctggcga aatcacatgt gtgtgcaggg
901 ataattggca tggctcaaat cggccatggg tatctttcaa tcaaaatttg gagtatcaaa
961 taggatatat atgcagtgga gttttcggag acaatccacg ccccaatgat ggaacaggca
1021 gttgtggtcc ggtgtcccct aacggggcat atggagtaaa agggttttca tttaaatacg
1081 gcaatggtgt ttggatcggg agaaccaaaa gcactaattc caggagcggc tttgaaatga
1141 tttgggatcc aaatgggtgg actggaacgg acagtagctt ctcggtgaaa caagatatcg
1201 tagcaataac tgattggtca ggatatagcg ggagttttgt ccagcatcca gaactgacag
1261 gattagattg cataagacct tgtttctggg ttgagctaat cagagggcgg cccaaagaga
1321 gcacaatttg gactagtggg agcagcatat ctttttgtgg tgtaaatagt gacactgtgg
1381 gttggtcttg gccagacgat gccgagttge cattcaccat tgacaagtag tttgttcaaa
1441 aaactccttg tttctact

The next step is to compare this sequence with the
thousands of other viral sequences that have been
catalogued and put into a database. We will now
explore how that is done!
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But First... Shortest Paths!

3

What is the length of the shortest path on thiplgra
from Work to Home?

(Note, you must obey the one-way street
assignments!)
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Key Observation

Suppose we want to find the length of the shortest
path into some vertex, B, and we know the lengths
of the shortest paths into all of the neighborefro
which you can get to B. (These are called
neighbors)

Then we can compute once and for all the length ot
the shortest path into It will be the smallest value
that you can make the sum:

“ Distance to neighbor + Length of step td‘ B

N

./" B S0 if the numbers on the left
vertices show the lengths of
the shortest paths to those
vertices, then what would be
the length of the shortest path

to B?
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Algorithm

The previous observation leads to an algorithm for
finding the shortest path so that, when you’re done
you can banathematically certaithat the path you
found Is the shortest.

Suppose you wish to find the shortest path from A:

1.
2.

3.

Put the label “0” on vertex “A”

Find a vertex which does not yet have a label ot
it, but all of whose in-neighbors have labels
Compute the value of (distance + step) for each
In-neighbor, and put the minimum value on the
vertex under consideration

Highlight all edges along which this minimum is
achieved

Go back to step 2 as long as there are unlabele
vertices.

Tracing the highlights back from the end to the
start give the shortest path.

Let’s try this together on our previous graph:
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Algorithm Example

1
Fish

2
4 Mike

TN
(Leon = Caura }——>(itome

1 2 1

3 ;
PO Box

yd

;

5
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The Finished Example

Note how the highlights give the shortest patioiti
trace back from Home to Work.
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Dynamic Programming

The term "Dynamic programming" refers to the
method of finding optimal solutions to a large
problem by solving several smaller problems and
keeping track of those smaller solutions, usually |
order to reuse them.

Start
® 3 | 4 4 5

S 1 2 3 3 4

3 9 S S 1 3

Y End

For example, the shortest path to "End" could be
found if we kept track of the shortest paths to "X"
and "Y."
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Global String Alignment
Given two strings, find their best alignment.

Suppose our strings arAGCGTand 'CAGT" An
alignment consists of writing the strings, in ordsy
that the letters line up in some way. If the gsin
have different lengths, as is the case here, tleen w
will need to insert some "gap symbol" in the shorte
string. We use-"" as our gap symbol.

AGCGT | AGCGT | AGCGT | AGCGT
-CAGT C-AGT CA-GT CAG-T
AGCGT | AGCG-T | -AGCGT | AGC-GT
CAGT- C--AGT C--AGT --CAGT

Sometimes we will insert gap symbols just to make

things line up better, regardless of the lengths.

Which alignment is the best?

A scoring criterionis used to evaluate the quality of
an alignment.
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Gratuitous Use of Gaps

Suppose we wished to align the strings:

GGAGTCCACCTGTGAAACAM
ACGCGCGTCCTCCTGTGACAATT

Notice here how the insertion of some gaps can he
us get a good alignment of a fairly lengthy regodn
similarity:

GGA---GTCCACCTGTGAAACAATA
ACGCGCGTCCTCCTGTGA--CAATT

We will thus allow for insertion of gaps wherever |
will help us to align our sequences more optimally.
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Scoring Criterion

AGCGT | AGCGT | AGCGT | AGCGT
-CAGT C-AGT CA-GT CAG-T

AGCGT | AGCG-T | -AGCGT | AGC-GT
CAGT- C--AGT C--AGT --CAGT

Look at the columns of the alignmnet. Score:

+2 For each alignment of matched letters

—1 For each alignment of mismatched letters
—2 For each alignment of a letter with a gap
$ 500 For each alignment of two gaps

Given this scoring system, how do we find the
optimal alignment. How do we find all optimal
alignments?
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An Optimal Alignment is a Best Path

Surprisingly, the optimal alignment
can be found in very much the same Match +2
way. Suppose we wish to align the | Mismatch 1
two strings shown across the top andGap 2
down the left in this table:

We put gap penalties across the top row and down the |
column, as shown. Then the value in each square is the
maximunthat we can achieve by taking steps from its
three in-neighbors, “up,” “left,” and “diag.”

A G C G T
0t —-2—-4—7-6|—-8—-10
|

-2

o > O
| A

CID_
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Reconstructing the Alignment

A G C G T
0-2H--4—f-d—F-8-F-10

2 |-1—-3 [-2—+-4— -6

I
0(-2—f-4 |-3— -5

6 I2 2|+ 0 —-2— -4
B 3 0 (1 o

- O > O
N

As each cell is optimized, record all (1, 2 or 8l
from which that optimum can be achieved. These
are like the highlights in our shortest path exampl

It Is this memoization feature that characterizes
dynamic programming, and saves us from repeatin
work which we have already done.
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Reconstructing the Alignment

A G C G T

0—-2—+-4—-8—F-8—-10
cl-2 |-1—+3 |-2—-4-] -6
Al-4| |01+-2 -!4 -3— -5
G|-6 I2 2—+0—+-2—+ -4
T-IB -!4 (Ib 1—+1 1] 0
1. Shade the bottom-right cell
2. For each other cell, shade it if there Is a daec

edgefrom that cellto a shaded cell

3. These shaded cells form some subgraph of the
original lattice

4. (These should be figured bottom-to-top, right-to
left)

5. All paths in this subgraph correspond to optimal
alignments
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Biology, Mathematics or Computer Science?

As you can see, modern biology requires tools that
cross the boundaries between these three disagplin

The next example makes the same point...
Here Is a picture from an Excel spreadsheet

modeling the wolf and rabbit populations in an
ecosystem.

fffff Rabbits — Wolves

Rabbits and Wolves

1200

1100 ///\\\\/ \ /// //
E T VAR 7
-'('_U' *7\\ /// \\ , \\
S 900 - - -

Q T ) / \\
s A\ /N /
o 800 - \ /
700 — \/
600 HHHHH
Time

How is it generated, and how is it useful?
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Mathematical Models

Consider a bank account that gives 5% interest
annually on your CD. Suppose you start with $1,0(
In the account. How can you model the growth of
this deposit?

If P represents the principle amount in the account
some time, and P denotes the amount of change
that takes place at that time, then

P=0.05¥F

The principle amount at the next time step is then
given by

P(t+ 1) =P(t) + P = (1.05)%(t)
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Spreadsheets
Pt+1)=P(t)+ P =(1.05)*(t)

This formula enables us to model our money growt

on a spreadsheet, as follows:
A B

1 t P(t)
2 0 1000
3 1 = B2*(1.05)
4 2 = B3*(1.05)
5 3 = B4*(1.05)
6

6000

And to quickly 5000 |
generate a graph of ouy,, |
principle over time: |

2000 |
o[[["]m“m

Copyright 2008 — Robert Hochberg Day 3 - Parent’'s Night TSP #18




The SIR Model

This model assumes that there are three types of
people in any given population, with respect to the
Iliness under consideration. Take chicken pox, for
example. We divide the population into three
compartments:

A person with chicken pox is calléadfected
e A person who has already had chicken pox is
calledRecoveredand is no longer considered
susceptible to the infection.
» A person who has never had the disease is callec
Susceptible
Movement between the compartments.

Infected )N
[Susceptible} { Recovered }
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Numerical Description of the SIR Model

the size of the total population

the number of susceptible (never infected)
people in the population at tinbe

the number of infected people in the
population at time

the number of recovered/removed people i
the population at time

N
1)
()

R(1)

We want to describe how these numbers change o
time, in order to predict the progress of the ddsea

Before disease is introduced, at titre—1, we have:

S(=1)

I (-1)

N
0
R-1) = 0
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Transition Rates

Let us consider how likely a susceptible persdn is
become infected during one unit of time.

® o
® 0 ¢ 4,0 o
O o ©

©gq 00 ©

.QQQ
® 00 0
® o ®

o © O

Let the red (dark, shadowed) circles represent
Infected individuals, and green (light) circles the
uninfected.

Here is a (very) quick description of how we vary
the quantitiess, | andR over time:
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The Infection Rate

Lett, time, be our ° C o oo o 'O
independent variable, and ,°®e°°® o
denote byi(t) the number of o «°° o o °
infected individuals at timg e® °° °

and bySt) the number of susceptible individuals in

the population.

To count the number of new infections that will
occur at any given time, we presume that any
Infected person may give the disease to any
susceptible person with some probabilityThe
number of infected-susceptible pairsSg) I(t), so
that the number of individuals who become infectec

at timet Is
St) ()
IS called thenfection rate

In yesterday’s terminology, we’d have

S=- 31 Iy
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The Recovery Rate

The recovery rate of any individual does not depen
on anything but the disease itself, and such thatsgs
the availability of medicines, food, drink, etc...

We thus let denote theéecovery rateof the disease,
that is, the fraction of infected individuals who
recover on any time step, so that=  I(t) is the
number of individuals who recover at time

Note that IfL is the length of time that one has the
disease (remains infected) on average, theri/lL.
This Is because If we imagithepersons at various
stages of the infection, we would expect one ofrthe
to recover at this time.

B Infected 5

Susceptible} [ Recovered J
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Transition Equations

We can now describe how the numbers vary with
time:

St+1) =3t - i)

I(t+1) = I(t) + SOOIt — It
) )

Rit+ = R{) + I(t)
1)

Infected

Susceptible | Recovered
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Simulation

Use the parameters= 0.00015 and = 0.4, to run a
few steps of the simulation.

St+1) = 8t — SI(t)
I(t+1) = I(t) + SOIE) — 1Y)
Rt+1) = R(t) + I(t)

S | 1) | R(t)
9990 | 10 0

IO NP IO
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Running a Simulation

Naturally, we let computers handle the tedium of
computing the values & | andR at each time step.
(Computers love stuff like that.)

t | s | 1) | R
0 |9990| 10| O
1 | 9975| 24| 1
2 |9939| 57| 3
3 | 9853| 137| O
4 |9650| 327| 23
5 | 9177| 767| 56
6 | 8121| 1746/ 132
7 | 5994 | 3699 307
8 | 2668| 6655 677

What's the long-term behavior?
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Long Term Behavior Spreadsheet

Modeling the Spread of Avian Influenza

A simple SIR model k 0.40 Rate of recovery of infected perso
b 0.00015 Rate of infection transmission
Day Susceptible Infectious  Recovered Total
0 9990.0 10.0 0.0 10000
1 9975.0 21.0 4.0 0.00 Fraction ultimately infected
2 9943.6 44.0 12.4
3 9878.0 92.0 30.0
4 9741.7 191.5 66.8 SIR Model of a Flu Pandemic
5 9461.8 394.8 143.4
6 8901.5 797.2 301.3 12000.0
7 7837.1 1542.7 620.2
8 6023.5 2739.2 1237.3 10000.0 1
9 3548.5 4118.5 2333.0 8000.0 |
10 1356.3 4663.3 3980.4 IS
11 407.6 3746.7 5845.7 § 6000.0
12 178.5 2477.1 7344.4 &
13 112.2 1552.6  8335.2 400001 \
14 86.1 957.7 8956.3 2000.0 \
15 73.7 587.0 9339.3
16 67.2 358.7 9574.1 col T
17 63.6 218.8 9717.6 1 4 7 10 13 16 19 22 25 28 31 34 37 4
18 61.5 133.4 9805.1 Time
19 60.3 81.3 9858.5
20 59.5 49.5 9891.0
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Using the Model

Now that we have a model (and a spreadsheet) we
can see the effects of various intervention strageg
to determine what might work best.

For example, which of the following strategies will
be most effective for reducing the number of people
who ever become infected by the disease?

1. Vaccinate 10% of the population.

2. Implement travel restrictions or quarantines so
that the number of S-1 interactions Is halved.

3. Aggressively treat infected people or families of
those infected so that they recover in half the
time.
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Representation in the Model

First, we need to represent each of these
Interventions in the parameters of our model. In
each case, how do we do that?

* Vaccinate 10% of the population.
This Is equivalent to moving 10% of the
population to the “R” group at the start of the
simulation.

* Implement travel restrictions or quarantines so
that the number of S-I interactions is halved
This Is roughly equivalent to dividingby 2.

e Aggressively treat infected people or families of
those infected so that they recover in half thetim
This is (roughly) equivalent to dividingby
2, though of course, that's true only if it
divides the time during which they are
contagious by 2.
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Effects of Interventions

No Intervention Vaccinate 10%

SIR Model of a Flu Pandemic SIR Model of a Flu Pandemic
12000.0 12000.0
10000.0 - 10000.0
8000.0 | 8000.0 |\

oo |\
\

4000.0 - & 4000.0 \\
2000.0 - 2000.0 /’\

L B B 0.0
1 4 71013 16 19 22 25 28 31 34 37 40 43 46 1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46

6000.0 -

Population
Population

Time Time

99% Infected 89% Infected
Social Isolation “Tamiflu ”

SIR Model of a Flu Pandemic SIR Model of a Flu Pandemic
12000.0 12000.0
10000.0 10000.0 -
8000.0 8000.0 |
c c
2 \ S
= =
£ 60000 \ < 6000.0
Q Q.
o [e)
o 4000.0 0 4000.0 | K
2000.0 2000.0 -
0.0 -+———rr"r e 0.0 -
1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46
Time Time

78% Infected 81% Infected
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Combined Interventions

Vaccinate & Isolate

Vaccinate & Tamiflu

SIR Model of a Flu Pandemic

SIR Model of a Flu Pandemic

10000.0 10000.0
9000.0 - 9000.0 -
8000.0 8000.0
7000.0 AN 7000.0 N\
§ 6000.0 A § 6000.0 A
< 5000.0 - < 5000.0 -
S 4000.0 | S 4000.0 | \
o o
3000.0 3000.0
2000.0 2000.0
1000.0 - 1000.0 -
0.0 e e 0.0 -
1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46
Time Time
SIR Model of a Flu Pandemic SIR Model of a Flu Pandemic
12000.0 10000.0
9000.0
10000.0 8000.0 |
8000.0 7000.0 1
5 5 6000.0
B B
£ 6000.0 £ 5000.0
§ § 4000.0
4000.0 3000.0
2000.0 2000.0 1
1000.0 +
0.0 + 0.0

Time

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46

Time

1% Infected

1% Infected
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Summary of Interventions

All three
1%

Vaccinate and Vaccinate and Isolate and

|solate Tamiflu Tamiflu
63% 65% 1%
Vaccinate |solate Tamiflu
89% 78% 81%

No Intervention
99%

As a public health official, what would you
recommend?
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Vaccinating Various Fractions of the
Population

Here we show the effect of varying the fraction of
the population that receives vaccination.

10000.0

9000.0

8000.0
o
Q.
3
Q@ 7000
— 0%
6000.0 —10%
20%
——30%
5000.0 —40%
—50%
40000 6%
’ —70%
——80%
30000 9%
20000
1000.0

00
1 3 5 7 9 11 13 15 1I7r 19 21 B8 25 271 X 31 33 3H 3 39 41 4L 4

Time
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Conclusion

Mathematics will play an increasingly importanteaol
In our attempts to understand and combat the three
that pandemic diseases pose to humanity.

Computational skills will also be required to carry
out the mathematical models and algorithms on the
systems, due to their enormous complexity.

It is therefore critical that we understand andpsup
the need to teach mathematics and computation in
the schools, even in classrooms that traditioraitly
not focus on these areas, such as biology classtool

We hope that you will support your students as the
work through this material, so that they may be
among the future best who make the world a safer,
better place.
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Handout #1 Shortest Path to Home.

What is the length of the shortest path from Work to Home? Use whatever method you wiglitte fi
answer, but please obey the one-way street assignments. (Two copies of the grepickee)
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Handout #2 Shortest Path Algorithm

Use the algorithm to find the length of the shortest path from Start to End on the graph betowopies are
provided. Remember to highlight the edges that give the shortest paths into each vertex.

Start
® 3 1 4 4 5
5 8 8 4
3 4 6 8 7
6 7 6 3
1 3 4 6 6
8 2 2 7 > 9 : 7 3
@
End
Start
’_3 1 4 4 5
5 8 8 4
3 4 6 8 7
6 7 6 3
1 3 4 6 6
8 2 2 7 > 9 : 7 3
@
End
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Handout #3 Practice with the SIR Model

Use the initial values shown in the table below, togetHer
with the parameters= 0.00015 and = 0.4, to St+1) = St - SO
complete the next few rows in the table. You will neefl
a calculator, for this example. (There might be oneop  [t+1) = 1 + SO - 1)
your cell phone.) Round off to the nearest whole Rt+1) = R + I(t)
number each time.

t S(t) I(t) R(t)

0 9990 10 0

1 9975 24 1

2

3

4
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