Notes for Class on Wednesday, January 28, 2008

Homework#2, Question #5 hint:

Split the counting problem up into 3 cases:

1) 2 lines are identical [two lines drawn one on top of the other connecting the same two vertical lines.  In effect, the positions are not swapped.  How many permutations does this create? 1 permutation (called the Identity Permutation).

2) 2 line are disjoint [each line connects two different vertical bars and the bars do not overlap  (the two lines do not share a vertical line)  How many permutations does this create?


3) 2 line overlap.  How many permutations does this create?

After you have counted the number of permutations in each case, dd them all up.

Def:  The composition of two permutations is the permutation that results when we perform the two permutations one after the other.

odd + odd = even --> 3 + 7 = 10

even + odd = odd --> 2 + 7 = 09

even + even = even --> 2 +2 = 04

Ex)   Here are some permutations given in cycle notation:
Let π (pi) = (1,4) (2,3) (5)    
Parity:  odd + odd + even = even

Let ρ (rho) = (1,3,5,4) (2)  

Parity:  odd + even = odd

Note: 

The above notation is cycle structure notation.  (1, 4) denotes a transposition (swap) occurred between 1 and 4.  (2, 3) denotes a transposition occurred between 2 and 3. (5) denotes that 5 did not move and did not transpose with any other number.  (1, 3, 5, 4) denotes that 1 moved to 3’s position, 3 moved to 5’s position, 5 moved to 4’s position and 4 moved to 1’s position.  That is, the four elements moved in a cycle.

Lets compute the composition  ρ ο  π this means, do π first, then do ρ.

Ex)   What is ρ  ο  π(1)? -->  ρ(π(1)) -->  ρ(4) = 1

So ρ  ο  π(1) = 1

pi 1 goes to 4 --> 4 rho goes to 1

pi 2 goes to 3 --> 3 rho goes to 5

pi 3 goes to 2 --> 2 rho goes to 2

pi 4 goes to 1 --> 1 rho goes to 3

pi 5 goes to 5 --> 5 rho goes to 4

So  ρ  ο  π = (1) (2, 5, 4, 3) --> even + odd = odd

That is the cycle-structure notation for the permutation.  If we just wrote the permutation in the usual way, that is, the way it would look at the bottom of a net diagram, it would be:  13452.

Theorem:

The parity of the composition of two permutations is the sum of their parities.

Proof:

To compute the composition of two permutations on a net diagram, one simply draws the rungs of the second permutation beneath the rungs of the first permutation.  Thus, the number of rungs in the composition will be the sum of the number of rungs in each of the two permutations, showing that the parities will add in the same way.
Rubik’s Cube

What does all of this say about Rubik’s Cube?  

Theorem:  From a solved cube, it is impossible to obtain a position where all pieces are in their right places except for exactly two edges.

Proof:  Each 90-degree face turn of the cube performs a 4-cyle on the corner pieces of the cube, and also a 4-cycle on the edge pieces of the cube.  This means that after each 90-degree face turn, the parities of the permutations both change.  As a consequence, the parity of the permutation of the edge pieces must always be the same as the parity of the permutation of the corner pieces.  In the position described in the Theorem, the edges have an odd parity, and the corners have even parity, which is impossible.

Theorem:  From a solved cube, it is impossible to obtain a position where all pieces are in their right places, except that one edge piece is flipped over.

Proof:  Consider now the stickers on the edge pieces of the cube.  Each 90-degree face turn performs two 4-cycles on these stickers, composing an odd+odd=even permutation on the sticker permutation.  Since the permutation is even in the home position, it remains even after every face turn.  But the position described in the Theorem is odd, which is impossible.
