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Writing Two Repor ts

A student must select two of the
following seven famous people and
write a report on each.  In how many
ways can this selection be made? 

Aristotle, Bach, Chaucer, Dali, Euler, Faraday, Gauss

Create a systematic list showing all possible ways to
make the selection.
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Writing Three Repor ts

Another student (who probably got in
trouble) must write three reports, on
three of those seven people.  In how
many ways can this be done?

Aristotle, Bach, Chaucer, Dali, Euler, Faraday, Gauss

Don’ t you get the feeling ...
that there must be a better way?
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The Choose Numbers

The number of ways to select k items from a set of n
distinct items is called 

n Choose k, usually written 
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k
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Anagrams and Choose Numbers

A B C D E F G
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Anagrams and Choose Numbers

So, to find the number of ways to select 3 objects
out of 7, we just find the number of anagrams of
the word

YYYNNNN

which is 
7!

3!×4!

In general, the number of ways to select k objects
from a set of n distinct objects is

YYYYYYYNNNNNNNN
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Practice with the Choose Numbers

1. An artist has 12 colors available, and wishes to
choose 4 of them for a pointillist painting he is
considering.  In how many ways can he make
his selection?

2. Sally Jambes has embarked upon a new
exercise plan which has her jogging 3 days a
week.  In how many way can she select which 3
days she will be running on?

3. Harry Spieler wants to place bets on 3 out of the
36 numbers available on a roulette wheel.  In
how many ways can this be done?

4. Betty Choisi has 12 boys and 14 girls in her
class, and wishes to select 2 of each to be
blackboard cleaners.  In how many ways can
this be done?Walking on a Grid and Choose
Numbers
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Grid Numbers

To count the number of ways to walk on a grid, we
count anagrams of words like:

NNNNNEEEEE

 
Choose Numbers

 To count the number of ways to select k objects
 from n objects, we count anagrams of words like:

YYYYYNNNNN

In each case, we’ re counting anagrams of words
with 2 kinds of letters, and that’s why they are the
same numbers!
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Pascal’s Tr iangle

From “ Visual Patterns in Pascal’s Triangle”  by Dale Seymour Publications 
(an excellent resource for Pascal’s Triangle patterns)

Pascal’s Triangle contains all the "choose numbers."
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Pascal’s Tr iangle
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1 8 28 56 70 56 28 8 1
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To find n Choose k, go to row n and find the kth
entry.  Always start counting with 0, though.
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Some Patterns in Pascal’s Tr iangle

1. The outside numbers are all 1

2. Each number is the sum of the two numbers
above it

3. The triangle is symmetric

4. The first diagonal shows the counting numbers

5. The sums of the rows give the powers of 2

6. Each row gives the digits of the powers of 11.

7. Each entry is an appropriate “choose number.”

8. And those are the “binomial coeffecients.”

9. The Fibonacci numbers are in there along
diagonals.
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Expanding Powers of Binomials

Let’s evaluate:

(a + b)2 = 

(a + b)3 = 

(a + b)4 = 
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The Binomial Coefficients

Consider:
(a + b)5

=

(a + b)·(a + b)·(a + b)·(a + b)·(a + b)

When we expand (a + b)5, the coefficients of the
various terms a ib j are called binomial coefficients.

Might there be a non-laborious way to find these
coefficients?  

Naturally!
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Expand (a + b)5 All at Once

Here it is:

(a + b)·(a + b)·(a + b)·(a + b)·(a + b)

How can we compute it all at once?
Generalize FOIL!

The product (AC + AD + BC + BD) is obtained by
multiplying together every possible pair of terms; 

(term from first) � (term from second)
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Generalized FOIL

Compute the product (A + B) � (C + D) � (E + F)

The product (ACE + ACF + ADE + ADF + BCE +
BCF + BDE + BDF) is obtained by multiplying
together every possible triple of terms;

(term from 1st) � (term from 2nd) � (term from 3rd)
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Computing Binomial Coefficients

So in the expansion of (a + b)5, the coefficient of
a2b3 is just the number of times a2b3 appears as a
product when we use our generalized FOIL,
FRIGHTEN, or whatever...

Two ways to figure that out:

(a + b)·(a + b)·(a + b)·(a + b)·(a + b)
� � �   � � �   � � �   � � �   � � �

����                       ����
From which factors will we select the 2 “a”  terms? 
There are  ways to make this selection.  5

2
�

�
�

�

�
�

(a + b)·(a + b)·(a + b)·(a + b)·(a + b)
� � �   � � �   � � �   � � �   � � �

b          a          b          a          b
Write down underneath each factor the term that is
selected from that factor.  The number of ways to
obtain a2b3 becomes an anagram question.
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Your  Turn

What is the coefficient of:
• x5y3 in (x + y)8 ?

• x4y4 in (x + y)8 ?

• a10b2 in (a + b)12 ?

• y9 in (x + y)9 ?

• x24y21 in (x + y)40 ?

• xy2z3 in (x + y + z)6 ?
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Fibonacci Numbers in Pascal’s Tr iangle

Proof that these numbers are really Fibonacci:
• F0 = 1 and F1 = 1
• For n �  2,  Fn = Fn – 1 + Fn – 2
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The Ar ithmetic of Pascal’s Tr iangle
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A Hidden Pattern in Pascal’s Tr iangle

If we color all the entries which are divisible by 2,
black, and all the entries which are not divisible by
2, blue, then we get this Sierpinski-like coloring.

This is called the “Mod-2" coloring
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Mod-2 Color ing — First 128 Rows
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Pointillist Painting

A pointillist painter is trying to decide which triple
of colors will work best for his masterpiece.  He
has a pallette of 15 colors, and his idea is to paint
test paintings using each possible triple of colors
and then select the best one for his masterpiece.

If he starts this on Monday and does one painting
per day, on which day of the week will he finish?
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More Pointillist Painting

What if he had 126 colors in his pallette, and
wished to use 90 colors in each painting?

These questions are really asking:

What is the remainder of ?
15
3 7�

��
�
�� ¸

What is the remainder of ?
126
90 7�

��
�
�� ¸

Here is :126
90

�
��

�
��

� � � � � � � � � � � 	 � � 
 � � 
 � � � � � � � � � � � 
 � �
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A Very Nifty Tr ick

Let’s compute   
126

90
7

�

�
�

�

�
� mod

Write 126 and 90, in base 7:

Treat the columns as binomial coefficients, and
multiply them together!

Let’s go to the computer and see if this makes
sense...

343 49 7 1

126

90

Note:  whenever k > n.
n

k
�

�
�

�

�
� = 0
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How Many Non-Multiples in the nth Row,
(mod p)?

Let’s find the number of non-multiples of 7 in row
126:

Write 126 base 7:

We need the digits of k written base 7 to be less
than or equal to the corresponding digits of 126,
written base 7.

In general, if bn...b3b2b1 is the base-p representation
of n, then the number of colored (non-multiple)
entries in the nth row is

(bn + 1)· �  ·(b3 + 1)·(b2 + 1)·(b1 + 1)
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Self-Similar ity of Multiples of p

Now we can prove that the pattern of multiples of a
prime p in Pascal’ s Triangle repeats itself on ever-
increasing scales.

Let’ s consider the first 27 rows (mod 3):

Row 14: 14 base 3 = 1 1 2

Row 23: 23 base 3 = 2 1 2

(Maybe check out 27 rows mod 5)
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14 Base 3

112 111 110 102 101 100 022 021 020 012 011 010 002 001 000
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Handout #1 ����  Practice with the Choose Numbers

5. An artist has 12 colors available, and wishes to choose 4 of them for a pointillist painting he is
considering.  In how many ways can he make his selection?

6. Sally Jambes has embarked upon a new exercise plan which has her jogging 3 days a week.  In how
many way can she select which 3 days she will be running on?

7. Harry Spieler wants to place bets on 3 out the 36 numbers available on a roulette wheel.  In how
many ways can this be done?

8. Betty Choisi has 12 boys and 14 girls in her class, and wishes to select 2 of each to be blackboard
cleaners.  In how many ways can this be done?
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Handout #2 ����  Pascal’s Tr iangle Contains the Choose Numbers

� � � �� 1

� � � �� 1 1

� � � �� 1 2 1

� � � �� 1 3 3 1

� � � �	 1 4 6 4 1

� � � �
 1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1
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To find n Choose k, go to row n and find the kth
entry.  Always start counting with 0, though.
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Handout #3 ����  Practice with Binomial Coefficients

What is the coefficient of:

a. x5y3 in (x + y)8 ?

b. x4y4 in (x + y)8 ?

c. a10b2 in (a + b)12 ?

d. y9 in (x + y)9 ?

e. x24y21 in (x + y)40 ?

f. xy2z3 in (x + y + z)6 ?
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Handout #4 ����  The (Mod 3) Pattern in Pascal’s Tr iangle

23 written base 3 is equal to “212.”   If we consider a number k in the range 0..23, and express k base 3 as

k1k2k3, then the remainder obtained by dividing by 3 is the same as the remainder obtained when
23
k

�
��

�
��

dividing the product of the binomial coefficients  by 3.  In order for this product to be non-2 1 2
1 2 3k k k

�
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�
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�
��

�
��

zero, we need each ki to be smaller than or equal to the number above it in the binomial coefficient.

In the chart below, place an “X”  in each column that yields a non-zero product.
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Now you do the work to decide how things go with row 32 in Pascal’s Triangle when divided by 5.
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Exercises — Binomial Coefficients

Warm-up Problems:

1. Jack has 7 kinds of flowers in his garden and wishes to give Jill a bouquet with 3 of them.  In how
many ways can this be done?

2. Expand (k +l)3 using Pascal’s triangle

3. How many different 5-card hands can be dealt from a standard 52-card deck?

4. What is the probability that you win the � � � � � �  game, which involves selecting 5 numbers out of 34,
and you have to match all 5 of them to win?

5. What is the remainder when is divided by 11?1400
69

�
��

�
��

6. Count the Ways.

Presentation Problems:

7. In this problem we will explore a Pascal©s Triangle-
like method for solving part f. of Handout #3.
a. Expand (a + b + c) to the first few powers, say

from the 0th power to the 3rd power
b. Now arrange the coefficients of the terms of

your expansions into triangular arrays as shown
to the right.

c. If your triangular arrays of coefficients were
arrays of tennis balls, then they would neatly
stack one on top of the other, 1 - 3 - 6 - 10 - ...,
forming a nice tetrahedral structure.  Try it!  We
have plenty of tennis balls.  

d. Now, if you write your coefficients on the tennis
balls, you would be completely justified in
calling your structure Pascal©s Tetrahedron.  Do
you see why?

e. Generalize some of the patterns we observed in
Pascal©s Triangle to Pascal©s Tetrahedron.  How
many of your assertions can you prove?

f. Use Pascal©s Tetrahedron to expand (a + b + c)4

g. If we call the tetrahedron having n balls along an
edge the nth tetrahedron, then how many balls
are in the bottom triangle of the nth tetrahedron?

h. How many balls are in the nth tetrahedron?
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8. Some Lottery Questions
a. In the � � � � � �  game, you select 5 numbers out of 35, and win $5.00 if you get exactly 3 of them

correct.  What is the probability of this happening?
b. In the � � � � � �  Lottery (not yet implemented) a player pays $1 for a ticket, selects 3 numbers out

of 25, and if he gets all 3 of them correct, he wins $2,500.  What do you think?

9. Bob goes to the ice cream shop to buy Alice and himself sundaes.  When he gets there, he realizes that
he forgot what sort of sundae Alice wanted!  All he remembers is that she wanted 3 different flavors of
ice cream (the shop offers 14) and 2 different kinds of topping (the shop offers 5).  Now, he knows it is
important to Alice that he gets the right sundae, so he decides to get one of each possible type.  How
many sundaes does poor Bob have to buy?

10. How many 4-digit numbers are there whose digits appear in strictly increasing order?

11. How many different sequences of “H”  and “T”  are there which have exactly 3 H’s and 4 T’s?  (Think
of these as coin tosses.)  “HTTHTTHTTT” is one such way.

12. Consider the remainders of the terms of the 120th row of Pascal’s Triangle when divided by 7
a. How many of them are non-zero?
b. Which terms are non-zero?
c. How many terms of the 5000th row are non-zero?

13. Some Coefficient Questions:
a. What is the coefficient of a4b3 in the expansion of (a + b)7 ?
b. What is the coefficient of a4b3 in the expansion of (2a + 3b)7 ?
c. What is the coefficient of a3b3c3 in the expansion of (a + b + c)9 ?

Extension Problems:

14. The new governor of a certain state wishes to implement a new lottery called the "� � � � � � " game. 
He wants the game to require the selection of 3 numbers out of some large pool of numbers, so that the
probability of getting all 3 of them correct is less than 1 in a million.  But he doesn’ t want the pool to
be too large, because then fewer people will play.  What is the smallest size the pool can be so that the
chances of getting all 3 correct is less than, or equal to, 1 in a million? (The answer is 183)

15. If you were asked to find the remainder when is divided by 6, you might initially be concerned200
36

�
��

�
��

that our trick won’ t apply, since 6 is not prime.  But then you would realize that 6=2×3, so you could
use the trick for 2 and 3, and then use, well, another trick to figure out what the remainder would be if
we had divided by 6.  Show that this remainder is 4.


