Discrete Mathematics — Class 5 — Thursday, January 27, 2004

If this ladder generates some
permutations with ¢ cyclesand
you add a new rung at the bottom
then the new permutation will ——
have how many cycles?

It will have either ¢+ 1 cyclesor c—1 cycles.

e c+ 1 itwill havec+ 1 cyclesif the new rung connects elements within an
existing cycle. It will split the “cycle structure” into two separate pieces.
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e c—1: itwill havec—1 cyclesif the new rung connects elements in separate
existing cycles. It will join the two cyclesinto one big cycle.

e

V> W > U

Ex. Given the following permutation,2 9 5 6 1 4 8 3 7, build a permutation ladder
with the least number of rungs. What is the least number of rungs you need to build the
ladder?

1 2 2 4 &5 & T 8 D
|

2 % 5 & 1 4 8B 3 7

Y ou can solve this problem by using the following equation where n = number of
elements in the permutation (9 in above example) and ¢ = number of cycles (2 in above
example).

N —c = minimum number of rungs



Theorem: The minimum number of rungs needed in a permutation ladder to generate a
permutation on n elementswith ¢ cyclesis n—c.

Example of how to use theorem: Given the following permutation, what is the least
number of rungs needed?

295614837

Solve: 1) Determine cycle structure: (1538792) (46) c=2
2) Determine number of elements (count number of elements): n=9

N —c = minimum number of rungs - 9-2=7 - 7isminimum number of
rungs needed.

Isit possible to draw a permutation ladder to make the permutation above with

6 rungs? NO — needs a minimum of 7 rungs!

5 rungs? NO — needs a minimum of 7 rungs!

3 rungs? NO — needs a minimum of 7 rungs!

8 rungs? YES —thisworks because it is greater than the minimum number of
rungs needed — 7.

Proof Of Theorem
Note: There arereally two (2) thingsto solve:
1) You CAN NOT doit with fewer than n—c rungs. (Impossibleto do it
with lessthan n —c).
2) You CAN doitwith n—c.

Proof of 1:

1 2 3 4 5 & T 8 5
|

2 % 5 & 1 4 8B 2 7

e Home position has 9 cycles (each element isits own cycle).

e Infinal permutation thereare 2 cycles. (1538792) (46)

e Every time you add arung you create a new permutation until you get to the final
permutation. And each rung changes the number of cycles by exactly 1.

In general, to go from n cyclesto ¢ cycles, where each rung can decrease the number
of cycles at most one (1) at atime, we will need greater than or equal to n —c rungs

*** This shows that the best you can hope for is n —c rungs.



Proof of 2:

1 2 3 4 5 & T 8 9

We need to find away to do it with no more than n—c rungs.

We determined through group work that there are two techniques to show that the
minimum number of rungs needed is actually n —c.

Solution (technique) 1. Start at top of elements and work your way down one-by-one.
Thiswill always give you the best answer (minimum rungs required). Unfortunately, this
technique does not lead us quickly to a proof that n — c rungs will always suffice.

Solution (technique) 2: Start by separating the cycle structures and then do one cycle
tructure at atime (fix one cycle at atime).

Ex. 295614837 346215897
Cyclestructure: (1538792) (46) (1563) (24) (798)
Atmost n—1 (7-1) +(2-1) 4-1)+2-1) +3-1)
Rungs per cycle

=(9-2) =(9-3

=n-c =n-c

Ex. Start with the following permutation ladder and find the final permutation:
3

1 2 3 4 5 &8 T 8

H_‘ 1 2 3 4 &5 & T 8 9
2315J B 7

9

5

Cycle Structures: (132) (45 (6) (78) (9
31 (21 (@21 (21 (11
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9-5=4
n—cCc

Proof: Todoitwith n—c rungs, ssimply fix the cyclesin the permutation one at atime.



Let Sizey, Sizey, Size;, ....., Sizec stand for the sizes of the cycles.
e Wecan fix thefirst cycle with (Size; — 1) rungs.
e We can fix the second cycle with (Size, — 1) rungs.
e Wecan fix the third cycle with (Size; — 1) rungs.
e Wecanfix the c cyclewith (Sizec —1) rungs.

Altogether you will need: (Size;—1) + (Size,—1) + (Sizes—1) +...+ (Sizec—1)
=(Sizey + Size, + Sizes + ...+ Sizeg) —(L+ 1+ 1+ ... +1)

=n-C

Summary
e Part 1. Number of rungs needed to generate permutation is at least n — c rungs.

e Part2: n—c issufficient for solving permutations and you will never need more.



