Discrete Mathematics— Class 4 — Thursday, January 22, 2004
Written by Beatrice May and Robert Hochberg

The professor (a substitute today, professor Pravicafrom the
Math department) put a permutation ladder on the board, as 1 2 3 4 5 6 7
shown to the right.

As noted in previous classes, every permutation isjust a bunch
of cycles (or maybe just one cycle). To find the “ cycle structure”
of this permutation, let’ s see where each element goes.

1 goesto 2's position 4 1 3 2 6 5 7

2 goesto 4's position
3 goesto 3’ sposition
4 goesto 1's position
5 goesto 6'sposition
6 goesto 5’ sposition
7 goesto 7’ s position.

Note that we can read this information off of the permutation ladder by “reading up.” For example, to
see where “2" goes, we look in the permutation row at the bottom of the ladder, and read up to seein
which position 2 ended; in this case, 4's position.

The information above can be captured in a permutation digraph, which would look like this:
/V 2w D P D
3 S 7
lwe 4

But a much more convenient way to capture this information is by using “cycle structure”’ notation, in
which each cycleis enclosed in parentheses, and inside each set of parentheses, each element goesto the
element to itsright, with the last element in the set going back to the first element. Thisiscaled cycle
notation for a permutation. The cycle structure for this permutationis (1 2 4)(3)(5 6)(7).

Note that every element in the permutation must be shown in the cycle structure, even the fixed points
which lie alone in their parentheses. Also note that there are usually many ways to write cycle notation
for agiven permutation. For example, the above cycle structure could have been written:

a2 8@™® 5@ or(4 1 2(3)(7)(6 5),orany of 141 other ways.

What happens if we add arung at the bottom of the permutation ladder? If arung is added from 2to 7
then the cycle structure becomes (12 7 4) (3) (6 5). The number of cycles decreased by 1 in this case.

If we add arung from 2 to 4, the cycle structure would become: (1 4)(2)(3)(5 6)(7). Inthiscase, the
number of rungsincreased by 1.



It turns out that adding a rung to the bottom of a permutation ladder will always change the number of
cyclesin the cycle structure of the permutation by 1. It will:
Increase the number of cycles by 1 if the line connects two elementsin the same cyclein the
origina permutation, because that cycle gets split into two cycles
Decrease the number of cyclesby 1 if the line connects two elementsin different cyclesin the
original permutation, because those two cycles will be merged into asingle cycle.

If you create aladder such as:

1234567

T

2345671

Then thereisonecycle (17654 3 2). Thisisconsistent with the bulleted points above, because we
started with home position (which has 7 elements, and hence 7 cycles) and ended with a permutation
with 1 cycle, after 6 rungs were added.

We had aready proved in class that any permutation on n elements will take at most n— 1 rungsto
generate. Infact, for acycle, thisisthe minimum number of rungs that will suffice. Thisleadsto a
general formulafor the minimum number of rungs that will suffice to generate a permutation on n
elements having c cycles:

General result: If you have c cyclesfor n numbers you will need n— ¢ rungs
Thisis the minimum amount you need

Outline of proof:

Proof has 2 parts: First observe that you can’t do it with fewer rungs, because the number of cyclesisn
when there are no rungs, and each rung changes the number of cyclesby 1. The goal is a permutation
with c cycles, and each rung can change the number of cyclesby at most 1. Thusweneed at least n—c
rungs.

Second, observe that you can find a permutation ladder with n — ¢ rungs which generates the
permutation. For ssimply fix each cycle in the permutation individualy:

Thiswill require a most (size— 1) rungs for a cycle of with size elements. If we add these quantities
together for the cyclesin the permutation, we get n—c = ) (size of each cycle -1), where the sum is over
all the cycles.

More details in the next notes!



