Discrete Mathematics --- Day 27 --- November 3, 2003
Combinatorial Identities
How many subsets does an n-element set have?
Suppose set ={1,2,34,......,n}
To build a subset, think of it asatask with n parts. For each element, decide whether it isin the

subset or not.
N parts; each has 2 choices (ways to be done) total number of ways is2*2*2*2* ... .*2=2"

Another way to answer:
Possible subset sizes?
Number of Thus 2"= C(n,0) + C(n,1) + C(n,2)+ .....+ C(n,n)
Szes | subsets of n™ row of Pascal’s Triangle.
that size
(nCO) 1o
(nC1) n
(nC2)
(nC3)
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n (nCn) 1
Total "N

3 way to answer:

What' s the smallest element of each subset?

i.e.n=4{1,2,3,4}
{a} {1 {1,2} {1,2,3} | {1,2,3,4}
{2} {13} {1.2,4
{3} {1.4} {1,3,4
{4} {2,3} {2,3,4
2.4
{3.4}

1 4 6 4 1



Sets with 4 as the smallest element: {4}
Sets with 3 as the smallest element: {3} and { 3,4}
Setswith 2 asthe smallest element: {2} {2,3} {2,4} and {2,3,4}
Setswith 1 as the smallest el ement:
{1} {1,2} {1,3} {14} {1,2,3} {1,24} {1,3,4} and {1,2,3,4}

number of
sets which
k have k as
smallest
element
8
4
2
4 1
total 15= 274 -1
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. In General, how many subsets of {1,2,3,...,n} have x asthe smallest element?
{1,2}

1 2I"I-l

2 2”-2 {2' 2“-2}
3 2n—3 {2, 2n—3}
n1 2vh

n 2I"I-I"I

total 2™t
The number of waysto build asubset {1,2,...,n} that hask as the smallest element is 2™,
because we must place k in the sets and then we can add any subset of {k+1,k+2,...n(=k+n-k) }

and there are 2™ such subsets, Thus: 1+2+4+8+...+2"=2"1_1 (“minus 1" because the empty
set ismissing from thislist, asit has no smallest element.)

et (=[]

How many ways are there to select three elements from a set with
n elements?

How many sets of size three don’t have x?
C(n-1,3)

How many subsets of size three do contain ‘x’?
C(n-1, 2)

n-1 n-1 n
Total number of subsets of sizethreeis: ( 5 j+( 3 )= (3) )



