Homework Solutions

2.1 thru 2.4

Section 2.1

2.
a). This procedure is not finite, since execution of the while loop continues forever.

b). This procedure is not effective, because the step m: = 1/n cannot be performed when n = 0, which will eventually be the case.

c). This procedure lacks definiteness, since the value of i is never set.

d). This procedure lacks definiteness, since the statement does not tell whether z is to be set equal to a or to b.

10.

Let min be the smallest element found so far. At the end, it is the smallest element, since we update it as necessary as we scan through the list.

Procedure smallest (a1, a2,….,an: natural numbers)

min := a1
for i: = 2 to n


if ai<min then min:= ai
{min is the smallest integer among the input}

12. 
This is similar to Exercise 11.

Procedure last smallest (a1, a2…an: natural numbers)

min: = a1
location := 1

for i:= 2 to n


if min ( ai then 

begin


min := ai

location := i

end

{location is the location of the last occurrence of the smallest element in the list}

14. Procedure last smallest (a1, a2…an: natural numbers)

min: = a1
max  := a1
for i:= 2 to n


begin



if min > ai then min :=  ai

if max < ai then max :=  ai
end

{min is the smallest integer among the input, and max is the largest}

18.
procedure one_one(f: function, a1, a2…an, b1, b2, …, bm : integers)


for i := 1 to m



hit(bi) := 0


one_one := true


for j := 1 to n



if hit(f(aj)) = 0 then hit(f(aj)) := 1



else one_one := false

24.
Procedure find all modes(a1, a2…an : nondecreasing integers)


modecount := 0

i := 1


while i ( n


begin



value := ai


count := 1



while i ( n and ai = value




count := count+1




i := i+1



End



If count> modecount then



Begin




Modecount := count




Set L to consist just of value



End



Else if count =modecount then add value to L


End


{L is a list of all the values occurring most often, namely modecount times}

Section 2.2

4. 
If we successively square k times, then we have computed x2^k. Thus we can compute x2^k with only k multiplications, rather than the 2k –1 multiplications that the naïve algorithm would require, so this method is much more efficient.

8.
a). Initially y: = 3. For I = 1 we set y to 3*2+1 = 7. For I =2 we set y to 7*2+1 = 15, and we are done.

b). There is one multiplication and one addition for each of the n passes through the loop, so there are n multiplications and n additions in all.

10.
We are asked to compute (2n2 + 2n)*10-9 for each of these values of n. 


a). 1.244*10-6 seconds.


b). 1.05*10-3 seconds.


c). 1.13*106 seconds.


d). 1.27*1021 seconds.

12.
a).  The number of comparisons does not depend on the values of a1 through an. Exactly 2n-1 comparisons are used, as was determined in Example 1. In other words, the best case performance is O(n).

b).  In the best case, x = a1. We saw in Example 4 that 3 comparisons are used in that case. The best case performance, then is O(1).

c).  It is hard to give an exact answer, since it depends on the binary representation of the number n, among other things. In any case, the best case performance is really not much different from the worst case performance, namely O(log n), since the list is essentially cut in half at each iteration, and the algorithm does not stop until the list has only one element left in it..

16. We will count comparisons of elements in the list to x. (This ignores comparisons of subscripts, but since we are only interested in big-O analysis, no harm is done.) Furthermore, we will assume that the number of elements in the list is a power of 4, say n = 4k. Just as in the case of binary search, we need to determine the maximum number of times the while loop is iterated. Each pass through the loop cuts the number of elements still being considered (those whose subscripts are from i to j) by a factor of 4, Therefore after k iterations, the active portion of the list will have length 1; that is, we will have i = j. the loop terminates at this point. Now each iteration of the loop requires two comparisons in the worst case (one with am and one with either a1 or au). Three more comparisons are needed at the end . Therefore the number of comparisons is 2k + 3 which is O(k). But k = log4 n, which is O(log n) since logarithms to different bases differ only by multiplicative constants, so the time complexity of this algorithm (in all cases, not just the worst case) is O(log n).

Section 2.3

4.
Suppose a | b, so that b = at for some t, and b | c, so that c = bs for some s. then substituting the first equation into the second, we obtain c = (at)s = a(ts). This means that a | c, as desired.

8.
The numbers 19, 101, 107, and 113 are primes, as we can verify by trial division. The numbers 27 = 33  and 93 = 3 *31 are not prime.

10.
We obtain the answers by trial division. The factorizations are 39 = 3*13, 81 = 34 101 = 101 (prime), 143 = 11*13, 289 = 172, and 899 = 29*31.

14.
We must find, by inspection with mental arithmetic, the greatest common divisors of the numbers from 1 to 11 with 12, and list those whose gcd is 1. These are 1, 5, 7, 11. There are so few since 12 had many factors—in particular, both 2 and 3.

16.
a). Since 6 = 1+2+3, and these three summands are the only proper divisors of 6, we conclude that 6 is perfect. Similarly 28 = 1+2+4+7+14.

b). We need to find all the proper divisors of 2p-1(2p-1). Certainly all the numbers 1,2,4,8… 2p-1  are proper divisors, and their sum is 2p-1 (this is a geometric series). Also each of these divisors times 2p-1 is also a divisor, and all but the last is proper. Again adding up this geometric series we find a sum of 

(2p -1)(2p-1 - 1). There are no other proper divisors. Therefore the sum of all the divisors is (2p -1)+ (2p -1) ( 2p-1 - 1) = (2p -1)(1+ 2p-1 –1) = (2p -1) 2p-1, which is our original number. Therefore this number is perfect.

20.
We need to find a factor if there is one, or else check all possible prime divisors up to the square root of the given number to verify that there is no nontrivial divisor.

a). 27 – 1 = 127, Division by 2, 3, 5, 7, and 11 show that these are not factors. Since the square root of 127 < 13, we are done; 127 is prime.

b). 29 –1 = 511 = 7*73, so this number is not prime. 

c). 211 – 1 = 2047 = 23*89, so this number is not prime.

d). 213 – 1 = 8191. Division by 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, and 89 shows that these are not factors. Since sqrt of 8191<97, we are done; 8191 is prime.

22.
Certainly if n is prime, then all the integers from 1 to n-1 are less than or equal to n and relatively prime to n, but no others are, so ((n) = n-1. Conversely, suppose that n is not prime. If n = 1, then we have ((1) = 1 ( 1-1. If n > 1, then n = ab with 1<a<n and 1<b<n. Note that neither a nor b is relatively prime to n. Therefore the number of positive integers less than or equal to n and relatively prime to n is at most n-3 (since a, b, and n are not in this collection), so ((n) ( n-1.

24.
We form the greatest common divisors by finding the minimum exponent for each prime factor.


a). 22*33*52

b) 2*3*11


c) 17


d) 1


e). 5


f). 2*3*5*7

28.
In each case we just apply the division algorithm to obtain the quotient and remainder, as in elementary school. However, if the dividend is negative, we must make sure to make the remainder positive, which may involve a quotient 1 less than might be expected.


a). Since –17 = 2*(-19)+1, the remainder is 1. That is, -17 mode 2 = 1. 


b). Since 144 = 7*20+4, the remainder is 4. That is, 144 mode 7 = 4.


c). Since –101 = 13*(-8)+3, the remainder is 3. That is –101 mod 13 = 3


d). Since 199 = 19*10+9, the remainder is 9. That is, 199 mode 19 = 9.

30.
Among the infinite set of correct answers are 4, 16, -8, 1204, and –7016360.

50.


Seciton 2.4

2.
To apply the Euclidean algorithm, we divide the larger number by the smaller, replace the larger by the smaller and the smaller by the remainder of this division, and repeat, this process until the remainder is 0. At that point, the smaller number is the greatest common divisor.


a). gcd(1,5) = gcd(1,0) = 1


b). gcd(100,101) = gcd(100,1) = gcd(1,0) = 1.

c). gcd(123,277) = gcd(123,31) = gcd(31,30) = gcd(30,1) = gcd(1,0) = 1.


d). gcd(1529,14039) = gcd(1529.278) = gcd(278,139) = gcd(139,0) = 139.

d). gcd(1529,14038) = gcd(1529.277) = gcd(277,144) = gcd(144,133) = gcd(133,11) = gcd(11,1) = 1.

6.
To convert from decimal to binary, we successively divide by 2. We write down the remainders so obtained from right to left; that is the binary representation of the given number. 

a) Since 321/2 is 160 with a remainder of 1, the rightmost digit is 1. Then since 160/2 is 80 with a remainder of 0, the second digit from the right is 0. We continue in this manner, obtaining successive quotients of 40, 20, 10, 5, 2, 1, and 0, and remainders of 0, 0, 0, 0, 1, 0, and 1. Putting all these remainders in order from right to left we obtain (1 0100 0001) as the binary representation.

b) We could carry out the same process as in part (a). Alternatively, we might notice that 10213 = 1024-1 = 210-1. Therefore the binary representation is 1 less than (100 0000 0000), which is clearly (11 1111 1111).

c) If we carry out the divisions by 2, the quotients are 50316, 25158, 12579, 6289, 3144, 1572, 786, 393, 196, 98, 49, 24, 12, 6, 3, 1, and 0, with remainders of 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1, and 1. Putting the remainders in order from right to left we have (1 1000 1001 0001 1000).

8. 
a). 1+2+8+16 = 27


b). 1+4+16+32+128+512 = 693


c). 2+4+8+16+32+128+256+512 = 958


d). 1+2+4+8+16+1024+2048+4096+8192+16834 = 31775.

32.
a). 2 = 2!


b). 7 = 3! +1!


c). 19 = 3*3!+1!


d). 87 = 3*4!+2*3!+2!+1!


e). 1000 = 6!+2*5!+4!+2*3!+2*2!


f). 1000000 = 2*9!+6*8!+6*7!+2*6!+5*5!+4!+2*3!+2*2! 

