
PProve that 12 + 22 + 32 + þ + n2 = n(n + 1)(2n + 1)/6,
for all pos itiv e integers n

PLet a0, a1, a2, ... be a sequenc e sat isfying the
rec urrenc e an = 5an–1 – 6an–2.  Show that an = 3n – 2n

PShow that for all pos itive integers n, the 2n ×2n

checkerboard w ith any square deleted c an be tiled
w ith the “L”-tromino, show n to th e r ight

PEvery set w ith n elements has 2n subs ets
P A pos t off ic e has only 4- and 7-c ent stamps.  What

exact amounts of postage c an that post off ice make?

Proving Infinitely Many Theorems
P12 + 22 + 32 + þ + n2 = n(n + 1)(2 n + 1)/6, for all

pos itive integers n
<Do you see how this is infinitely many theorems?
<It says :

– 12                 = 1(1 + 1)(2·1 + 1)/ 6
– 12 + 22           = 2(2 + 1)(2·2 + 1)/ 6
– 12 + 22 + 32  = 3(3 + 1)(2·3 + 1)/ 6
– ...

<How can we prove all of those theorems
PSuppos e 12 + 22 + þ + 802 = 80(81)(161)/6 is given. 

How cou ld you f ind the va lue of:
     12 + 22 + þ + 802 + 812

  w ithout hav ing to do all that adding?

Sum of Squares

P If w e take as given that :
< 12 + 22 + þ + 802 = 80(81)(161)/6 

PThen the task of computing 
<12 + 22 + þ + 802 + 812

P Is rather simp le and straightforwar d.
<12 + 22 + þ + 802 + 812 =
<(12 + 22 + þ + 802) + 812  =
<80(81)(161)/6 + 812  =
<180,441

P We c an us e this same idea to prove our infinitely
many theorems!

Sum of Squares

PLet us select a partic ular value of k
PIf w e take as given that the kth theorem is true:
<  12 + 22 + þ + k2 = k(k + 1)(2k + 1)/6

PThe it is poss ible to show that the (k + 1)st

theorem is also true:
< 12 + 22 + þ + k2 + (k + 1)2 = (k + 1)(k + 2)(2k + 3)/6

Sum of Squares

This is what you get
when you plug k +1
in for n in the
expression:
n(n + 1)(2n + 1)/6

The thing to remember is
that w e are going to use
this to prove that



<Show 12 + 22 + 32 + þ + k2 + (k + 1)2 = (k+1)(k+2)(2k+3)/6
< 12 + 22 + 32 + þ + k2 + (k + 1)2 = 
< (12 + 22 + 32 + þ + k2) + (k + 1)2 =
< k(k + 1)(2k + 1)/6 + (k + 1)2 =

– (C rack an egg to make an omelette)
< (2k3 + 3k2 + k)/6 + (k2 + 2k + 1) =
< (2k3 + 3k2 + k)/6 + (6k2 + 12k + 6)/6 =
< (2k3 + 9k2 + 13k + 6)/6 = 
< (k+1)(k+2)(2k+3)/6

– (W e see t hat they are the sam e ei ther by fact oring the expression
two li nes up, or by multiplying out the l ast expres sion to see if it is
really t he same)

<Notice how most of the work is done by our assumption

Sum of Squares

PSo, what about proving infinitely many theorems?
<We have an alleged theorem for each value of n in the set

{1, 2, 3, 4, 5, ...}
<We have shown that if it is true for any particular value in

that set, then it is also true for the next number in that set
<For example, if it’s true for 7, then we know it’s true for 8
< But then what else do we know?

Sum of Squares

1 2 3 4 5 6 7 8 9 10 11

P How, then, w ould w e prove it for all pos itive
integers n?
<Show it is true for n = 1

Theorem:   12 + 2 2 + 3 2 + þ + n2 = n(n + 1)(2n + 1)/6, for all positive integers n

Proof:  (By induction)
Induction Hypothesis:
Suppose the theorem is true for some particular value k:  
That is, assume:  (1 2 + 2 2 + 3 2 + þ + k2) = k(k + 1)(2k  + 1)/6

Induction Step:
Prove the theorem is true for the next value k + 1:
That is, show:  1 2 + 2 2 + 3 2 + þ + k2 + (k + 1) 2 = (k+1)(k+2)(2k+3)/6
We’ll show this by  considering the left-hand side:
12 + 2 2 + 3 2 + þ + k2 + (k + 1) 2 =
(12 + 2 2 + 3 2 + þ + k2) + (k + 1) 2 =
 k(k + 1)(2k  + 1)/6      + (k + 1) 2  =        <We substituted using the induction hypothesis at this step>
(2k3 + 3k2 + k)/6 + (k2 + 2k + 1) =         <Multiply  every thing out>
(2k3 + 3k2 + k)/6 + (6k2 + 12k + 6)/6 =  <Common denominator>
(2k3 + 9k2 + 13k + 6)/6 =                       <Add fractions>
(k+1)(k+2)(2k+3)/6
Which is what we wanted to prove.

Base Case:
For the base case, we simply  verify that the theorem is true when n = 1:  Then 1 2 = 1(2)(3)/6 is true.  OK.

The Whole Proof

PLet a0, a1, a2, ... be a sequenc e satisfying the
rec urrenc e an = 5an–1 – 6an–2, w ith a0 = 0 and a1 = 1.
 Show that an = 3n – 2n for all n $ 0.
< Again, think of this as infinitely many theorems
<Suppose the theorem is true for some particular value k

– This is called the i nduction hypothesis
– as we will discuss on the next s lide, it i s not enough to assume

the theorem is true for k.  W e will n eed to assume more.  That is,
we will need to st rengthen our induction hypothesis

<Show that it is true for k + 1
– This is called the i nduction st ep

<Then prove it is true for the f irst theorem, when k = ???
– 0

Recursive Sequence



PThe rec urrenc e is  an = 5an–1 – 6 an–2.  
PShow that an = 3n – 2n for all n $ 0.
<Suppose it is true for k.  That is :  ak = 3k – 2k

<Show it is true for k + 1:  That is, show ak+1 = 3k+1 – 2k+1

<We use the recurrence:  
– ak+1  = 5 ak – 6 ak–1  =
–           5(3k – 2k ) – 6(..what.. ???... )

<It is not enough to assume only the kth theorem!
<We need to assume more.
<The standard trick is to assume that the theorem is true

not only for k, but for all values up to and including k.
<(This is called the strong induction hypothes is)

Recursive Sequence
PThe rec urrence is  an = 5an–1 – 6an–2.  
PShow that an = 3n – 2n for all n $ 0.
<Suppose it is true for all values from 0 up to k.  That is:

 ai = 3i – 2i for all 0 # i # k
<Show it is true for k + 1:  That is, show ak+1 = 3k+1 – 2k+1

<We use the recurrence:  ak+1 = 5ak – 6ak–1
<This gives : 

Recursive Sequence

 ak+1 = 5(3k  – 2k) – 6(3k – 1 – 2k – 1)
       = (5×3k – 6×3k – 1) – (5×2k – 6×2k – 1)
       = (5×3k – 2×3×3k – 1) – (5×2k – 3×2×2k – 1)
       = (5×3k – 2×3k) – (5×2k – 3×2k)
       = 3×3k – 2×2k  = 3k+1 – 2k+1

Whic h is what w e wanted to prov e

PWe have estab lished that if the theorem is true for
some particular value k, then it is true for the next
value, k + 1.

PWe now need to prove some base cas es as a
starting point for all our imp lic ations

PLet’s start with n = 0 and n = 1:
<We need to prove that a0 = 30 – 20 and a1 = 31 – 21. 

Both of these are eas ily verf ied, as a0 = 0 and a1 = 1.

Recursive Sequence

P<P lease check back soon for a disc ussion of this
proof by induction>

Tiling Squares with L-trominos


