Proving Infinitely Many Theorems

for all positiveintegers n

PLet gy, &, &, ... be asequence satisfyingthe

PShow that for all positive integers n, the 2" x2"

checkerboard with any square deleted can be tiled
withthe“L”-tromino, shown to theright

PEverysetwith n elements has 2" subsets |

P A post office has only 4- and 7-cent stamps. What
exact amounts of postagecan that post off ice make?

PProvethat 12+ 22+ 2+ p+ r? = n(n+ 1)(2n + 1)/6,

recurrence a, = 5a,4 — 6a,o. Show that g,= 3'- 2"

Sum of Squares
P2+ 2+F+p+ rP=n(n+1)(2n+1)/6,for all
positive intege's n

<Doyousee how this & inf initely many theorems?
<Itsays:

-1 =1(1+1)(2-1+1)/6
- 12+ 22 =2(2+1)(2-2+1)6
- P+22+32=33B+1)(23+1)/6

<How canwe prove all of thosetheorams

PSuppose 1 + 22 + p+ 802 = 80(81)(161)/6 is given
How could you find the value of :
12+ 22+ p+ 802+ 812

without having to do all that adding?

Sum of Squares

PIf wetake as given that:

< 1%+ 22 +p +80%= 80(81)(161)/6
P Thenthetask of computing
<1?+ 22+ p +80%+ 812

Plsrather simple and straightf orwar d.

PTheit is possible to show that the (k + 1)
theorem is also true:
<12+ 2°+p +80%+ 81°= <P+22+p+k+(k+1)>=(k+ D (k+2)(2k+3)/6
2, 52 2 _ |

<(12+22+p+80% +81% =
<80(81)(161)/6+ 812 = _ _
<180,441 Thething to remember is Thisiswhatyouget

P Wecan use this same ideato prove our infinitely tﬂthe ae gorl]ng touse e
many theorems! thisto prove that DB+ 16

Sum of Squares

P Let us select a particular value of k

PIf we take as given that the KN theorem is true:
<12+2°+p+ K=kk+1)(2k+1)/6




Sum of Squares

<Show 12+ 22+ 32+ p + K2+ (k + 1)2= (k+1) (k+2) (2k+3)/6
<P+22+ 33 +p+k+(k+1)?=
<1+ 22+ F+p+K)+ (k+1?=
<kk+1D(X+1/6+(k+1)2=
— (Crack an egg to make an omel ette)
<@+ 3IC+ K6+ (K + 2k + 1) =
< (2Kk3+ 3K2+ K)/6+ (6K + 12k + 6)/6 =
<(2k3+ 9K?+ 13k + 6)/6 =
< (k+D)(k+2) (2k+3)/6
— (Weseethat they arethe same e ther by factoring the expression

twolinesup, or by multi plying out thelast expression to seeif it is
reallythe same)

< Noticehow most of thework is done by our assumption

Sum of Squares

PSo,what about proving infinitely many theorems?
<Wehave an alleged theorenfor eech value of nintheset
{1,2,3 4,5, ..}
<Wehaveshown tha if it is truefor any particuler value in
thatset, then it is also true for the next number inthat set
<For example if it'struefor 7, thenwe know it's truefor 8
< But thenwhat else dowe knon ?
o Y Y e
1 2 3 4 5 6 7 8 9 10 11
P How, then, wouldwe prove it for all positive
integers n?
<Show it istruefor n=1

The Whol e Proof

Theoem 1% 2% 3%p + n’=n(n+ 1)(2n+ 1)6,far dl pasitiveinegersn

Prod: Byinduction)

Ird.ction thesis:

Sppoe te thearem istre far sime perticular valte k:
Thatis, asame: (1% 2% 3%+ p+ k)= kk + )&+ 1)/6

I nd.etion Sep:

Proeteteoren istnefa terextvale k+ 1:

Thatis, show: 1% 22 3%+ p+ k& (ki 1) 2= (e+D)(+2(2D B
We'llshow thisty corsicering the left-herd sce:

12 22 32+p + ke+ (k+ 1) =

(1% 22 32+ p+ k) +(k+ 1) 2=

kk+)(x+1)Y6 +(k+1)?=  Wesisituedusing te induwciantypotregsat hissgs>
(23 3K+ K) B+ (k3 2k+ 1)= <Multipy evey thirng aut>
(& 3ke+ K) b+ (Bka+ 12k+ 6)/6= <Conmoncenomirato>
(2 9ka+ 13kt 6)6= <Addfractions>
(HD)(kD(2k+3 b
Whichiswhat wewaried toproze.
BazGas

For tebaecas we smply verify thet the theorem istruewhen = 1: Then1=1(2(3 6 iste. OK.

Recursive Sequence

PLet 5y, &, &, ... be asequencesatisfying the
recurrence a, = 58,9 — 6ap0, with ag=0and a1 = 1.
Show that a,=3"-2"for all n $0.
< Again, think of this as infinitely many theorams
< Supposethetheoram is true for some particular value k

—Thisis caled theinduction hypothesi s
— aswewill discusson the next slide, it isnot enough to assume

thetheoremistrue for k. We will need to assume more. Thatis,
wewill need to strengthen our induction hypothesis

< Show that it istruefor k+1
—Thisis caled theinduction step

<Thenprove it is truefor thefirg theorem,when k= ?7?
-0




Recursive Sequence

PTherecurrence is a, = 58,9 — 6a,o.

PShow that a, = 3"—2"for all n $0.
<Supposeit istruefor k. That is: a,= 3%—2K
<Show it istruefor k+ 1: That is, show ay = 341 —2k1
<Weusethereurexce:
- an =5%—-634 =
- 5(3K — 2¢) — 6(..what.. 222...)
<It is not enough to assume only the kth theorem!
<Weneal to assumemore
<Thestandardtrick is to assume that thetheorem is true
notonly for k, but for allvalues up to and including k
<(Thisiscalled the strong induction hypothesis)

Recursve Sequence

PTherecurrence is a = 584 —

PShow that &, = 3'-2"for all n $0.
< Supposeit is truefor all values fromOuptok. That is:
g=3-2'for all O#i #k
<Show it istruefor k+1: That is, show ay, =3K1—241
<Weusethereurence: ag;=5ax—6axs
<Thisg|ves i
+ - 5
i (5(>< —6><3’k6g) (5><2k 6x2‘<—1)
—(5><§<—2><3><§‘ ) — (5><2k—3><2><2k‘1)
= (5><§< - 2><§‘) 2k - 3><2<)
= 3xF —2xK = 3 _ ¢l

Which is what we wanted to prove

Recursive Sequence

PWe have established that if the theorem istrue for
someparticular value k, then it is true for the next
valug k + 1

P We now need to provesome base cases as a
starting point for all our implications
PLet'sstart with n=0and n= 1:
<Wenead to prove that a,= 3°—2%and a, = 3'- 2
Bothof theseare essily verfied, as gp=0and gy = L

Tiling Squares with L-trominos

P <Pleasecheck back soon for adiscussion of this
prodf by induction>




