
Sample Exam for Study Groups

1. Are the following sets countable or uncountable.  If you say �countable,� please give a (rough outline
of a) bijection with the natural numbers.  If you say �uncountable,� please give a proof.
a. The set of all finite sequences of letters from the set {A, B, C}, such as ABBAB,

BBBBBBBB, A, BBABACCCACBAC, CCC, etc...
b. The set of all infinite sequences of letters from the set {A, B, C}
c. The set of all infinite sequences of letters from the set {A, B} that contain only a finite

number of B�s.  (This one is a bit tricky, and is too hard for the test.  But you should be able
to do it with some help, and with all this time before the test.)

d. The set of integers
e. The set of rational numbers

2. Evaluate the following sums:  Express each as either an integer or as a simple fraction.
a. 1 + 2 + 3 + 4 + ... + 80
b. 2 + 6 + 18 + 54 + 162 + ... + 118098
c. 312 + 322 + 332 + ... + 812

d. 1 + ½ + 1/4 + 1/8 + ... + 1/2048
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Recall that an algorithm is a finite sequence of steps which will solve a given problem:
C Each step must be well-defined and deterministic
C Each step should take a finite amount of time
C The algorithm must terminate after a finite number of steps (in a finite amount of time)

3. Which of the following are algorithms:  For those that you say are not algorithms, say which of the
three principles cited above is violated
a. Given a list of integers:

i scan the list left-to-right and locate the greatest integer in the list.  
ii Swap that integer with the first entry in the list.  
iii Repeat steps i. and ii. until the greatest integer is the last element in the list

b. Given a list of integers a1, ..., an:
i Set found to false
ii Set k = 1
iii Consider the pair ak and ak+1.  If ak < ak+1, then swap them and set found to true
iv If k < n � 1, then increment k and go to step ii.
v if found is true then go back to step i.

c. Given a positive integer n
i Set k = 0
ii If n is even, then cut it in half, otherwise triple it and add 1
iii Increment k
iv If n > 1 then go to step i.
For this problem, just give your best guess about what you think will happen.  A sample
sequence of what happens, if n = 3, is 3 ! 10 ! 5 ! 16 ! 8 ! 4 ! 2 ! 1.



d. Given an integer n > 1 which is congruent to 1 (mod 4):
i Find all pairs of positive integers a and b, with a > b, such that a2 + b2 = n
ii If there is exactly one such pair, then print �Prime�, otherwise print �Composite�

4. For each of the parts of question 3 which you said gave algorithms, what were those algorithms
supposed to accomplish?

5. What is the time complexity of each of the parts of question 3 which you said were algorithms?

6. Given a list of n integers, where n is even, what does the following algorithm do?  

7. What is the worst case number of steps performed by the algorithm above?

8. Given a positive input integer n, what does the following algorithm do:  (Hint:  It prints a particular
divisor of n... which one?)

9. Prove that the number of steps require in problem 8 is at most O(log2 n).

10. Given a positive input integer n, what does the following algorithm do:

11. What is the time complexity of the algorithm in problem 10?

12. Give another algorithm to accomplish what the algorithm in problem 10 does but which is much
better time complexity.  Give an argument to show that yours will accomplish the same task.

pos = n/2
jump = 1
dir = 1
while(pos < n){
   if(apos mod 2 = 0){
      print “Position =“ pos
      exit
   }
   else{
      pos = pos + dir * jump
      jump = jump + 1
      dir = –dir
   }
   print “No even numbers in list”
}

while n is even
   n = n / 2
print n

for a = 1 to n {
   for b = 1 to n {
      if a2 + b2 = n
         print a and b
   }
}



13. True or false:
a. 4 | 12
b. 51 | 61
c. 3 | 12341234431
d. 5 | 1734617894618346195
e. 33 | 132

14. Today�s date is 10/31/02.  This is a false date, in the following sense:  A date m/d/y is called true if
m | d and d | y.  So, for example, January 1 of this year would have been a true date.
a. List all true dates for this year
b. List all true dates for last year
c. List all true dates from 1996, that is, all true dates of the form m/d/96.

15. Prove that if a is a multiple of x and b is a multiple of x, then x | (2a + 3b)

16. Prove that if a / 0 (mod m), then m | a

17. Prove that if a / 0 (mod b) and b / 0 (mod c), then a / 0 (mod c)

18. Find φ(11), φ(12), φ(13) and φ(14)

19. Prove that φ(p) = p � 1 and φ(p2) = p2 � p for any prime number p.  

20. Show that 862133 / 862145 (mod 6)

21. Use the Euclidean algorithm to find each of the following
a. gcd(32, 50)
b. gcd(99, 21)
c. gcd(55, 89)
d. gcd(9, 99)

22. Prove that for every positive integer n, gcd(n, n2 + 1) = 1.  Hint:  Use the Euclidean Algorithm

23. Evaluate 77812334215 (mod 4)

24. Evaluate (431 + 90)×88 + 441233 (mod 6)

25. Evaluate 17894987123 (mod 7)


